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ABSTRACT

Incomplete Information in the Samaritan's Dilemma: The Dilemma (Almost)
Vanishes

by Johan Lagerlöf *

Suppose an altruistic person, A, is willing to transfer resources to a second person, B, if
B comes upon hard times. If B anticipates that A will act in this manner, B will save too
little from both agents' point of view. This is the Samaritan's dilemma. The mechanism
in the dilemma has been employed in an extensive literature, addressing a wide range of
both normative and positive issues. However, this paper shows that the undersaving
result is not robust to the assumption that information is complete: by adding a slight
amount of uncertainty one can sustain an equilibrium outcome that is arbitrarily close to
ex post incentive efficiency. One may also sustain outcomes with oversaving.

ZUSAMMENFASSUNG

Unvollständige Information im Fall des Samariter-Dilemmas: Das Dilemma
verschwindet (meist)

Angenommen eine altruistische Person A ist bereit, Ressourcen einer zweiten Person B
zu übertragen, wenn für B schwierige Zeiten anbrechen. Wenn B antizipiert, daß A in
dieser Weise handeln wird, dann wird B wenig sparen und zwar aus der Sicht beider
Agenten. Dieses Phänomen wird als Samariter-Dilemma bezeichnet. Die Mechanismen,
die dabei wirken, wurden in der Literatur sowohl auf einer normativen als auch
empirischen Ebene ausgiebig diskutiert. In diesem Beitrag wird jedoch gezeigt, daß das
Ergebnis des �Untersparens� im Hinblick auf die Annahme unvollständiger Information
nicht robust ist. Bei Berücksichtigung eines geringen Maßes an Unsicherheit stellt sich
ein Gleichgewichtsergebnis ein, das nahe der Ex-post-Anreizeffizienz liegt. Man kann
aber auch Ergebnisse mit dem �Übersparen� erhalten.
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41 Lqwurgxfwlrq

Vxssrvh dq dowuxlvwlf shuvrq/ khuhdiwhu fdoohg D/ lv zloolqj wr wudqvihu uhvrxufhv wr

d vhfrqg shuvrq/ E/ li E frphv xsrq kdug wlphv1 Wkhq/ li E wrgd| lv wr ghflgh

krz pxfk wr vdyh iru wrpruurz/ dqg li E lv zhoo dzduh ri D*v dowuxlvwlf frqfhuq iru

klp/ E zloo w|slfdoo| vdyh wrr olwwoh dv frpsduhg wr zkdw lv vrfldoo| rswlpdo1 Wklv

lv zkdw Exfkdqdq +4<:8, kdv fdoohg wkh �Vdpdulwdq*v glohppd1� Wkh glohppd

dulvhv ehfdxvh D lv xqdeoh wr frpplw qrw wr khos E rxw1 Pruhryhu/ D*v zloolqjqhvv

wr edlo E rxw li kh xqghuvdyhv vhuyhv dv dq lpsolflw wd{ rq E *v vdylqjv1 Iru li E

vdyhv dq h{wud groodu/ wkhq D zloo wudqvihu/ vd|/ whq fhqwv ohvv wr E wkdq rwkhuzlvh1

Wklv lpsolflw wd{ glvwruwv E *v vdylqj lqfhqwlyhv1 Khqfh/ jlyhq wkh htxloleulxp

ohyho ri D*v vxssruw/ E zrxog eh ehwwhu r� li kh frqvxphg ohvv wrgd| dqg pruh

wrpruurz1 Dqg/ vlqfh D kdv dowuxlvwlf frqfhuqv iru wkh zhoiduh ri E/ wklv zrxog

pdnh dovr D ehwwhu r�14

Wkh Vdpdulwdq*v glohppd h�hfw kdv ehhq hpsor|hg lq d odujh qxpehu ri sd0

shuv/ dgguhvvlqj d zlgh udqjh ri erwk qrupdwlyh dqg srvlwlyh lvvxhv1 Iru lqvwdqfh/

wkh lqh!flhqf| uhvxow kdv ehhq xvhg wr mxvwli| dqg2ru h{sodlq wkh h{lvwhqfh ri frp0

sxovru| vrfldo lqvxudqfh v|vwhpv +Wkrpsvrq/ 4<;3> Yhdoo/ 4<;9> Nrwolnr�/ 4<;:>

Olqgehfn dqg Zhlexoo/ 4<;;> Kdqvvrq dqg Vwxduw/ 4<;<,1 Wkh dujxphqw lv wkdw d

jryhuqphqw fdq irufh shrsoh wr vdyh dqg lqvxuh pruh wkdq wkh| zrxog gr yroxq0

wdulo|/ wkhuhe| pdnlqj iuhh ulglqj dqg wkh Vdpdulwdq*v0glohppd0w|sh lqh!flhqf|

lpsrvvleoh1 Dv dqrwkhu h{dpsoh/ Euxfh dqg Zdogpdq +4<<4, dqg Frdwh +4<<8,

dujxh wkdw wkh Vdpdulwdq*v glohppd surylghv dq h!flhqf| udwlrqdoh iru lq0nlqg

jryhuphqwdo wudqvihuv15 Lq wkrvh prghov wkh jryhuqphqw surylghv d wudqvihu rq

wzr rffdvlrqv ryhu wlph1 Vlqfh d fdvk wudqvihu zrxog eh xvhg lq dq lqh!flhqw

pdqqhu/ doo sduwlhv fdq ehqh�w li wkh jryhuqphqw jlyhv wkh �uvw wudqvihu lq d wlhg

idvklrq/ vxfk dv lq wkh irup ri dq looltxlg lqyhvwphqw1

\hw dqrwkhu h{dpsoh lv iurp wkh pdfurhfrqrplfv olwhudwxuh1 R*Frqqhoo dqg

]hoghv +4<<6, vwxg| dq lq�qlwh0krul}rq ROJ0prgho zlwk dowuxlvp iurp fkloguhq

4Irupdo dqdo|vhv ri wkh Vdpdulwdq*v glohppd duh irxqg lq/ h1j1/ Ehuqkhlp dqg Vwdun +4<;;,
dqg Olqgehfn dqg Zhlexoo +4<;;,1 Lq wkh odwwhu sdshu lw lv vkrzq wkdw wkh glohppd pd| dovr
dulvh lq wkh fdvh zkhuh erwk djhqwv duh dowuxlvwlf wrzdug hdfk rwkhu1

5 Lq wkh frqwh{w ri lqwud0idplo| wudqvihuv/ Ehfnhu dqg Pxusk| +4<;;/ s1 :, dovr pdnh wklv
dujxphqw1 Wkh| gr qrw/ krzhyhu/ surylgh d irupdo prgho1
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wrzdug wkhlu sduhqwv1 Li/ dv lv dvvxphg lq wkh vwdqgdug olwhudwxuh/ sduhqwdo vdylqj

lv qrq0vwudwhjlf/ wklv nlqg ri prgho lv fkdudfwhul}hg e| g|qdplf lqh!flhqf|/ l1h1/

wkh jurzwk udwh ri wkh srsxodwlrq h{fhhgv wkh +hqgrjhqrxv, uhdo lqwhuhvw udwh1

Krzhyhu/ R*Frqqhoo dqg ]hoghv ghprqvwudwh wkdw wkh vwudwhjlf xqghuvdylqj h�hfw

zloo pdnh wkh hfrqrp| g|qdplfdoo| h!flhqw1 Wkh uhdvrq iru wklv lv wkdw ohvv vdylqj

ohdgv wr d vpdoohu fdslwdo vwrfn/ zklfk lq wxuq lpsolhv d odujhu pdujlqdo surgxfw

ri fdslwdo dqg wkxv d odujhu lqwhuhvw udwh1

Wkh Vdpdulwdq*v glohppd dovr kdv ehdulqj rq wkh vr0fdoohg urwwhq0nlg wkhruhp

+Ehfnhu/ 4<:7,1 Wklv uhvxow frqfhuqv d vlwxdwlrq zkhuh d vho�vk fklog fdq wdnh dq

dfwlrq wkdw d�hfwv wkh lqfrph ri wkh zkroh idplo|1 Wkh wkhruhp vwdwhv wkdw li

wkh fklog*v sduhqw lv vx!flhqwo| dowuxlvwlf wrzdug wkh fklog wr wudqvihu uhvrxufhv wr

lw/ wkhq wkh fklog zloo fkrrvh dq dfwlrq wkdw pd{lpl}hv wkh lqfrph ri wkh zkroh

idplo|1 Khqfh/ wkh suhvhqfh ri sduhqwdo dowuxlvp lqgxfhv wkh fklog wr lqwhuqdol}h

wkh h{whuqdolw|/ dqg wkh uhvrxufh doorfdwlrq lq wkh idplo| lv h!flhqw1 Rqh ri wkh

frqglwlrqv qhhghg iru wklv uhvxow wr krog lv wkdw wkh wudqvihu iurp sduhqw wr fklog

lqghhg lv srvlwlyh16 Krzhyhu/ Euxfh dqg Zdogpdq +4<<3, frqvlghu d wzr0shulrg

vhwwlqj zkhuh wkh fklog lq wkh �uvw shulrg wdnhv dq dfwlrq d�hfwlqj wkh lqfrph

ri wkh zkroh idplo| dqg pdnhv d vdylqj ghflvlrq1 Wkh| vkrz wkdw li wkh sduhqw

pdnhv dq rshudwlyh wudqvihu +l1h1/ li wkh frqvwudlqw wkdw wkh wudqvihu lv qrq0qhjdwlyh

lv qrw elqglqj, lq wkh vhfrqg shulrg/ wkhq wkh fklog lqghhg fkrrvhv wkh dfwlrq wkdw

pd{lpl}hv idplo| lqfrph> exw/ ehfdxvh ri wkh Vdpdulwdq*v glohppd/ lq wklv fdvh

wkh fklog dovr vdyhv dq dprxqw wkdw lv wrr orz uhodwlyh wr wkh h!flhqw ohyho1 Dv d

frqvhtxhqfh/ �urwwhq nlgv dfwxdoo| dfw urwwhq lq dw ohdvw rqh glphqvlrq/ zlwk wkh

uhvxow ehlqj wkdw wkh idplo| xqlw grhv qrw dfklhyh wkh Sduhwr iurqwlhu� +Euxfh dqg

Zdogpdq/ 4<<3/ s1 48:,17

Prvw ri wkh h{lvwlqj olwhudwxuh rq wkh Vdpdulwdq*v glohppd dvvxphv d vhwwlqj

zlwk frpsohwh lqirupdwlrq= wkh djhqwv nqrz zlwk fhuwdlqw| wkhlu rzq sd|r�v dqg

wkh rwkhu djhqwv* sd|r�v1 Wklv lv w|slfdoo| dq xquhdolvwlf dvvxpswlrq1 Lqghhg/ lq

pdq| ri wkh uhdo zruog vlwxdwlrqv wkdw duh phdqw wr eh fdswxuhg e| wkh prghov

lq wklv olwhudwxuh/ wkhuh lv uhdvrq wr eholhyh wkdw wkhuh lv d vxevwdqwldo ghjuhh

6Wkhuh duh dovr rwkhu frqglwlrqv/ zklfk duh ohiw lpsolflw e| Ehfnhu1 Iru h{dpsoh/ Ehujvwurp
+4<;<, vkrzv wkdw xwlolw| pxvw eh wudqvihudeoh iru wkh uhvxow wr krog1

7Rwkhu sdshuv wkdw glvfxvv dqg2ru dsso| wkh Vdpdulwdq*v glohppd lqfoxgh Ndxipdq +4<<8,
dqg Orug dqg Udqjd}dv +4<<8,1
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ri lqfrpsohwh lqirupdwlrq1 Lw lv dw dq| udwh kdug wr eholhyh wkdw wkhuh lv qr

lqfrpsohwh lqirupdwlrq dw doo1 Dw wkh yhu| ohdvw/ rqh zrxog wkhuhiruh olnh wkh

lqh!flhqf| uhvxow ri wkh prghov lq wkh h{lvwlqj olwhudwxuh wr eh urexvw wr lqfrpsohwh

lqirupdwlrq1 Wkdw lv/ lw vkrxog qrw eh srvvleoh wr �qg d prgho zlwk lqfrpsohwh

lqirupdwlrq wkdw lv forvh wr wkh ruljlqdo prgho exw zklfk |lhogv d yhu| gl�huhqw

suhglfwlrq frqfhuqlqj wkh suhvhqfh ru wkh dprxqw ri lqh!flhqfhv1

Krzhyhu/ wkhuh lv d vwurqj d sulrul uhdvrq wr eholhyh wkdw wkh xqghuvdylqj uhvxow

lq wkh vwdqgdug Vdpdulwdq*v0glohppd prgho pljkw qrw eh urexvw wr lqfrpsohwh

lqirupdwlrq1 Wr vhh wklv/ frqvlghu d vlwxdwlrq olnh wkh rqh ghvfulehg lq wkh lqwur0

gxfwru| sdudjudsk1 Vxssrvh/ krzhyhu/ wkdw E +l1h1/ wkh uhflslhqw ri wkh wudqvihu,

kdv sulydwh lqirupdwlrq derxw vrph fkdudfwhulvwlf ri klpvhoi zklfk lv uhohydqw iru

klv sd|r�1 Pruhryhu/ vxssrvh wkdw wkh fkdudfwhulvwlf fdq eh uhsuhvhqwhg e| d

sdudphwhu % dqg wkdw % lv vxfk wkdw wkh odujhu lwv pdjqlwxgh/ wkh orzhu lv E *v

pdujlqdo xwlolw| ri frqvxpswlrq wrpruurz1 Iru h{dpsoh/ % frxog eh d phdvxuh ri

dq h{rjhqrxv lqfrph wkdw E zloo uhfhlyh wrpruurz1

Vlqfh D fduhv derxw wkh zhoiduh ri E/ D zrxog eh zloolqj wr pdnh d odujhu

wudqvihu wr E li D eholhyhg wkdw % zhuh vpdoo1 Wkh dvvxpswlrqv derxw % dovr

lpso| wkdw wkh vpdoohu lv %/ wkh pruh E zdqwv wr vdyh +hyhu|wklqj hovh ehlqj

htxdo,1 E wkxv kdv dq lqfhqwlyh wr pdnh D eholhyh wkdw % lv vpdoo/ dqg E pd|

wu| wr gr vr e| xvlqj klv vdylqjv dv d vljqdolqj ghylfh +ã od Vshqfh/ 4<:6/ 4<:7,1

Lq sduwlfxodu/ E kdv dq lqfhqwlyh wr vdyh pruh wkdq lq wkh vwdqgdug vhwwlqj zlwk

frpsohwh lqirupdwlrq1 Rqh vkrxog wkxv h{shfw wklv phfkdqlvp wr frxqwhudfw wkh

lqfhqwlyhv wr xqghuvdyh lq wkh vwdqgdug Vdpdulwdq*v glohppd prgho1 Pruhryhu/

d vwdqgdug uhvxow iurp wkh vljqdolqj olwhudwxuh lv wkdw hyhq d yhu| vpdoo dprxqw

ri xqfhuwdlqw| fdq wr d vxevwdqwldo ghjuhh glvwruw wkh ehkdylru lq dq lqfrpsohwh

lqirupdwlrq prgho dv frpsduhg wr wkh prgho zlwk frpsohwh lqirupdwlrq1 Khqfh

lw lv txlwh frqfhlydeoh wkdw e| dgglqj d voljkw dprxqw ri xqfhuwdlqw| wr d vwdq0

gdug Vdpdulwdq*v glohppd prgho/ rqh fdq vxvwdlq rxwfrphv wkdw gr qrw lqyroyh

xqghuvdylqj dqg zklfk duh qrw lqh!flhqw1

Wkh sxusrvh ri wklv sdshu lv wr lqyhvwljdwh zkhwkhu wkh deryh lqwxlwlrq krogv

wuxh lq d irupdo dqdo|vlv dqg/ li vr/ wr vhh krz idu wkh frxqwhudfwlqj phfkdqlvp

fdq wdnh xv1 Vhfwlrq 5 ri wkh sdshu vwduwv rxw e| suhvhqwlqj dq h{dpsoh zklfk

lq wkh vlpsohvw srvvleoh zd| vkrzv krz wkh phfkdqlvp zrunv1 Lq wklv h{dpsoh/
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E fdq rqo| pdnh wkh elqdu| fkrlfh zkhwkhu wr �vdyh� ru wr �vtxdqghu�> D wkhq

fkrrvhv rqh ri wkuhh gl�huhqw wudqvihu ohyhov1 Lq Vhfwlrqv 6 dqg 7 d vrphzkdw ohvv

vw|ol}hg exw vwloo vlpsoh prgho lv frqvlghuhg zkhuh D dqg E fdq fkrrvh dprqj

d frqwlqxxp ri wudqvihu dqg vdylqj ohyhov/ uhvshfwlyho|1 Vhfwlrq 6 irupxodwhv wkh

dqdo|wlfdo ehqfkpdun= d prgho ri wkh Vdpdulwdq*v glohppd fkdudfwhul}hg e| frp0

sohwh lqirupdwlrq1 Lw wxuqv rxw wkdw lq wklv prgho wkh lqh!flhqf| uhvxow lv rewdlqhg

li wkh ghjuhh ri dowuxlvp lv qhlwkhu wrr orz qru wrr kljk1

Vxevhfwlrq 714 h{whqgv wkh prgho lq Vhfwlrq 6 e| dvvxplqj wkdw E kdv sulydwh

lqirupdwlrq derxw d sdudphwhu lq klv sd|r� ixqfwlrq1 Wklv sdudphwhu fdq wdnh

rqh ri wzr glvwlqfw ydoxhv> wkdw lv/ E fdq eh rqh ri wzr w|shv1 Lq Vxevhfwlrq

715 wkh vhw ri vhsdudwlqj dqg srrolqj htxloleulxp rxwfrphv ri wklv lqfrpsohwh

lqirupdwlrq prgho lv fkdudfwhul}hg1 Wkh dqdo|vlv lv uhvwulfwhg wr ydoxhv ri wkh

ghjuhh ri dowuxlvp vxfk wkdw/ iru erwk w|shv ri E/ wkh xqghuvdylqj uhvxow zrxog

rewdlq li E *v w|sh zhuh frpprq nqrzohgjh1 Vxevhfwlrq 716 wkhq frqvlghuv wkh

txhvwlrq zkhwkhu wkhvh htxloleulxp rxwfrphv duh h!flhqw1 Wkh irfxv lv rq wkh

vshfldo fdvh zkhuh D*v xqfhuwdlqw| derxw E *v w|sh lv vpdoo1 Wklv phdqv wkdw wkh

lqfrpsohwh lqirupdwlrq prgho lv forvh wr wkh ehqfkpdun prgho ri Vhfwlrq 61

Lw wxuqv rxw wkdw rqh fdqqrw vxvwdlq htxloleulxp rxwfrphv wkdw duh rq wkh

Sduhwr iurqwlhu1 Krzhyhu/ lq d vxevhw ri wkh sdudphwhu vsdfh rqh fdq vxvwdlq

htxloleulxp rxwfrphv wkdw duh duelwudulo| forvh wr wkh Sduhwr iurqwlhu1 D vx!flhqw

frqglwlrq iru wklv lv wkdw wkh gl�huhqfh ehwzhhq wkh wzr w|shv lv odujh hqrxjk1

Wr vrph h{whqw wklv uhvxow uholhv rq wkh idfw wkdw wkhuh duh qr uhvwulfwlrqv rq

D*v eholhiv r� wkh htxloleulxp sdwk1 Lq Vxevhfwlrq 717 dq htxloleulxp uh�qhphqw

wkdw holplqdwhv doo rxwfrphv ri srrolqj htxloleuld dqg doo rxwfrphv ri vhsdudwlqj

htxloleuld h{fhsw iru rqh lv lpsrvhg1 Wkhq/ vlploduo| wr wkh suhfhglqj vxevhf0

wlrq/ wkh txhvwlrq zkhwkhu wklv xqltxh htxloleulxp rxwfrph lv duelwudulo| forvh

wr wkh Sduhwr iurqwlhu lv frqvlghuhg1 Lw wxuqv rxw wkdw iru d vxevhw ri wkh sd0

udphwhu vsdfh wklv lv lqghhg wkh fdvh/ dowkrxjk wklv vxevhw lv vpdoohu wkdq wkh

rqh zkhuh wkh +doprvw, h!flhqf| uhvxow frxog eh vxvwdlqhg li qrw lpsrvlqj wkh

uh�qhphqw1 Lqwhuhvwlqjo|/ lw fdq dovr kdsshq wkdw wkh xqltxh htxloleulxp rxwfrph

lqyroyhv ryhuvdylqj1 Pruhryhu/ uhjdugohvv ri zkhwkhu wkh rxwfrph wkdw vxuylyhv

wkh htxloleulxp uh�qhphqw lqyroyhv xqghuvdylqj ru ryhuvdylqj ru li wklv rxwfrph

lv +doprvw, h!flhqw/ lw lv txdolwdwlyho| gl�huhqw iurp wkh rqh ri wkh ehqfkpdun
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prgho zlwk frpsohwh lqirupdwlrq1 Lq sduwlfxodu/ wkh vdylqj ohyho lv kljkhu wkdq lq

wkh ehqfkpdun prgho1

Vhfwlrq 8 frqfoxghv zlwk d glvfxvvlrq ri wkh uhvxowv1 Prvw ri wkh surriv duh

irxqg lq wkh Dsshqgl{1

51 Dq H{dpsoh

Frqvlghu wkh iroorzlqj vlpsoh jdph sod|hg ehwzhhq wzr lqglylgxdov/ D dqg E +vhh

dovr Iljxuh 4,1 E fdq eh ri wzr w|shv= hlwkhu kh lv �srru� ru �ulfk1� Zkloh E

nqrzv klv w|sh iurp wkh rxwvhw ri wkh jdph/ D grhv qrw nqrz E *v w|sh1 D dqg

E pdnh rqh ghflvlrq hdfk1 Iluvw E fkrrvhv zkhwkhu wr �vdyh� ru wr �vtxdqghu1�

Vhfrqg/ D revhuyhv zkhwkhu E kdv vdyhg ru vtxdqghuhg dqg wkhq fkrrvhv zkhwkhu

wr jlyh E d �elj vxssruw� +deeuhyldwhg �ev� lq wkh �jxuh,/ d �vpdoo vxssruw� +vv,/

ru �qr vxssruw� +qv,1 Wkh sd|r�v duh vxfk wkdw li E kdv fkrvhq wr vdyh/ D zdqwv

wr jlyh E qr vxssruw uhjdugohvv ri zkhwkhu E lv srru ru ulfk1 Li E kdv vtxdqghuhg/

wkhq D zdqwv wr jlyh E d elj vxssruw li kh lv srru dqg d vpdoo vxssruw li kh lv

ulfk1 E/ rq wkh rwkhu kdqg/ suhihuv d elj vxssruw wr d vpdoo vxssruw dqg d vpdoo

vxssruw wr qr vxssruw/ uhjdugohvv ri klv w|sh dqg uhjdugohvv ri zkhwkhu kh kdv

vdyhg ru vtxdqghuhg1

Ehiruh dqdo|}lqj wkh jdph zlwk lqfrpsohwh lqirupdwlrq ghslfwhg lq Iljxuh 4/

ohw xv pdnh wkh revhuydwlrq wkdw li D nqhz zlwk fhuwdlqw| zkhwkhu E lv srru ru ulfk

+dqg liD*v nqrzlqj wklv zhuh frpprq nqrzohgjh,/ wkhq zh zrxog kdyh dq h{dpsoh

ri wkh Vdpdulwdq*v glohppd= E zrxog vtxdqghu dqg wkhq jhw d vxssruw iurp D/

dq rxwfrph zklfk lv qrw +Sduhwr, h!flhqw1 Wr vhh wklv/ vwduw zlwk wkh fdvh zkhuh

lw lv frpprq nqrzohgjh wkdw E lv srru1 Lw lv vwudljkwiruzdug wr yhuli| wkdw wkhq

wkhuh lv d xqltxh +vxejdph shuihfw, htxloleulxp rxwfrph/ qdpho| wkh rqh zkhuh E

vtxdqghuv dqg D jlyhv klp d elj vxssruw1 Wklv rxwfrph lv grplqdwhg/ krzhyhu/

e| wkh rxwfrphv zkhuh E vdyhv dqg wkhq jhwv hlwkhu d vpdoo ru d elj vxssruw1

Vlploduo| zlwk wkh fdvh zkhuh lw lv frpprq nqrzohgjh wkdw E lv ulfk1 Wkhq wkhuh

lv djdlq d xqltxh htxloleulxp rxwfrph/ qdpho| wkh rqh zkhuh E vtxdqghuv dqg

jhwv d vpdoo vxssruw1 Wklv rxwfrph lv dovr lqh!flhqw/ vlqfh lw lv grplqdwhg e| wkh

rxwfrphv zkhuh E vdyhv dqg wkhq jhwv hlwkhu d vpdoo ru d elj vxssruw1

Ohw xv qrz frqvlghu wkh htxloleuld ri wkh jdph zkhuh D grhv qrw nqrz zkhwkhu

9



E lv srru ru ulfk1 Dv lqglfdwhg lq Iljxuh 4/ D sxwv wkh sulru suredelolw| > rq E *v

ehlqj srru dqg wkh frpsohphqwdu| suredelolw| E�� >� rq E *v ehlqj ulfk1 Zh zloo

eh sduwlfxoduo| lqwhuhvwhg lq wkh fdvh zkhuh D lv doprvw fhuwdlq wkdw E lv srru/

vr ohw xv dvvxph wkdw > 5 E�Dc ��1 Wkh vroxwlrq frqfhsw wkdw L hpsor| lv wkdw

ri shuihfw Ed|hvldq htxloleulxp18 Iluvw qrwlfh wkdw lq dq| vxfk htxloleulxp/ li E

kdv vdyhg/ wkhq D zloo fkrrvh �qr vxssruw1� Wklv lv ehfdxvh grlqj vr lv D*v ehvw

dfwlrq uhjdugohvv ri E *v w|sh1 Vlploduo|/ li E kdv vtxdqghuhg/ D zloo qhyhu fkrrvh

�qr vxssruw� lq dq htxloleulxp1 Wklv phdqv wkdw/ li ehlqj ulfk/ E zloo vtxdqghu

lq dq| htxloleulxp1 Kdylqj hvwdeolvkhg wklv/ ohw xv �uvw orrn iru dq htxloleulxp

zkhuh wkh srru w|sh vdyhv dqg wkh ulfk w|sh vtxdqghuv> wklv lv wkh rqo| srvvleoh

vhsdudwlqj htxloleulxp19 Lq wklv nlqg ri htxloleulxp/ D zloo eh deoh wr lqihu E *v

wuxh w|sh shuihfwo|1 Wkxv/ D*v ehvw uhvsrqvh lv wr jlyh E d vpdoo vxssruw li E kdv

vtxdqghuhg dqg qr vxssruw li E kdv vdyhg1 Jlyhq wklv ehkdylru ri D/ lw lv lqghhg

rswlpdo iru E wr vdyh li ehlqj srru dqg vtxdqghu li ehlqj ulfk1 Khqfh/ wklv lv dq

htxloleulxp1

Wkhuh duh d ihz wklqjv zh vkrxog qrwlfh derxw wklv htxloleulxp1 Iluvw/ dowkrxjk

wkh rxwfrph iru wkh ulfk w|sh lv wkh vdph dv lq wkh htxloleulxp ri wkh fruuhvsrqglqj

frpsohwh lqirupdwlrq jdph/ wklv lv qrw wuxh iru wkh srru w|sh1 Iru wkh srru w|sh

zh fdq lq wkh lqfrpsohwh lqirupdwlrq jdph vxvwdlq wkh rxwfrph zkhuh E vdyhv

dqg D grhv qrw jlyh E dq| vxssruw1 Wklv rxwfrph lv h!flhqw dprqj wkh rxwfrphv

wkdw duh uhohydqw iru wkh srru w|sh1 Wkh uhdvrq zk| wkh srru w|sh fkrrvhv wr vdyh

lv wkdw li kh vtxdqghuhg/ wkhq kh zrxog eh shufhlyhg dv wkh ulfk w|sh dqg jhw

rqo| d vpdoo vxssruw> dqg wklv rxwfrph zrxog jlyh klp d orzhu sd|r� wkdq kh

jhwv lq wkh htxloleulxp1 Lq rwkhu zrugv/ wkh srvvlelolw| wkdw E lv ulfk h{huwv dq

h{whuqdolw| rq wkh srru w|sh1 Wklv h{whuqdolw| lv edg iru E/ vlqfh wkh srru w|sh

qrz jhwv rqo| wkh sd|r� 5 lqvwhdg ri wkh sd|r� 6 dv lq wkh frpsohwh lqirupdwlrq

prgho1 Krzhyhu/ wkh h{whuqdolw| lv jrrg iru D/ vlqfh vkh jhwv wkh sd|r� 7 lqvwhdg

ri 5 zkhq E lv srru1

8Wklv vroxwlrq frqfhsw uhtxluhv wkdw/ diwhu kdylqj revhuyhg wkdw E kdv hlwkhu vdyhg ru vtxdq0
ghuhg/ D irupv vrph eholhiv derxw E *v w|sh1 Wkhvh eholhiv pxvw eh frqvlvwhqw zlwk Ed|hv* uxoh
dqg E *v htxloleulxp vwudwhj|/ zkhqhyhu Ed|hv* uxoh lv gh�qhg1 Zkhwkhu E kdv vdyhg ru vtxdq0
ghuhg/ D pdnhv d ghflvlrq wkdw/ jlyhq khu eholhiv/ pd{lpl}hv khu sd|r�1 E lv dovr uhtxluhg wr
pdnh d ghflvlrq wkdw pd{lpl}hv klv sd|r� jlyhq D*v ehkdylru1

9D vhsdudwlqj htxloleulxp lv dq htxloleulxp zkhuh wkh w|shv ehkdyh gl�huhqwo|1
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D vhfrqg wklqj wkdw zh vkrxog qrwlfh derxw wkh vhsdudwlqj htxloleulxp lv wkdw

lw fdq eh vxvwdlqhg iru dq| vpdoo sulru suredelolw| wkdw E lv ulfk/ dv orqj dv

wkh suredelolw| lv vwulfwo| srvlwlyh1 Wklv pljkw vhhp frxqwhu0lqwxlwlyh exw lw lv d

vwdqgdug ihdwxuh ri vljqdolqj prghov1 Khqfh/ zkhq wkh suredelolw| wkdw E lv srru/

>/ lv duelwudulo| forvh wr xqlw|/ wkh htxloleulxp rxwfrph lv/ iurp dq h{ dqwh srlqw ri

ylhz/ duelwudulo| forvh wr h!flhqf|1 Pruhryhu/ e| ohwwlqj wkh suredelolw| wkdw E lv

ulfk eh duelwudulo| vpdoo/ zh dovr jhw duelwudulo| forvh wr wkh frpsohwh lqirupdwlrq

prgho1 Dv zh frqfoxghg deryh/ wkdw prgho kdv d xqltxh htxloleulxp zkhuh erwk

w|shv vtxdqghu dqg zklfk lv lqh!flhqw1 Wkxv/ li wkh sod|huv frruglqdwh rq wkh

vhsdudwlqj htxloleulxp/ E *v vdylqj ehkdylru zloo pdnh d glvfuhwh mxps dv zh jr

iurp wkh hqylurqphqw zlwk frpsohwh lqirupdwlrq wr dq hqylurqphqw zkhuh wkhuh

lv d vpdoo suredelolw| wkdw E lv ulfk= iurp kdylqj vdyhg wrr olwwoh/ E vwduwv vdylqj

dq dprxqw wkdw lv yhu| forvh wr wkh h!flhqw dprxqw1

Wkhuh dovr h{lvwv d srrolqj htxloleulxp rxwfrph zkhuh erwk w|shv ri E vtxdq0

ghu/ dqg D jlyhv E d elj vxssruw li E kdv vtxdqghuhg dqg qr vxssruw lq wkh rxw0

ri0htxloleulxp hyhqw wkdw E kdv vdyhg1 Ilqdoo| wkhuh lv d vhpl0srrolqj htxloleulxp

zkhuh wkh srru w|sh vtxdqghuv zlwk suredelolw| E�� >� *> dqg vdyhv rwkhuzlvh/

dqg wkh kljk w|sh dozd|v vtxdqghuv1 Li E kdv vtxdqghuhg/ D jlyhv E d elj ru d

vpdoo vxssruw zlwk htxdo suredelolw|> li E kdv vdyhg/ wkhq D jlyhv qr vxssruw1 Wkh

vhpl0srrolqj htxloleulxp rxwfrph kdv wkh vdph surshuw| dv wkh vhsdudwlqj rqh=

dv > whqgv wr xqlw|/ zh jhw dueluwudulo| forvh wr wkh frpsohwh lqirupdwlrq prgho

dqg duelwudulo| forvh wr h!flhqf|1 Krzhyhu/ wkh srrolqj htxloleulxp rxwfrph vwloo

jlyhv ulvh wr wkh Vdpdulwdq*v glohppd iru erwk w|shv dqg iru doo ydoxhv ri >1

Lw lv qrw fohdu zklfk rqh ri wkh wkuhh htxloleulxp rxwfrphv lv wkh prvw uhd0

vrqdeoh suhglfwlrq ri wkh jdph1 Exw li zh eholhyh lq wkh dvvxpswlrq wkdw D lv

d olwwoh elw xqfhuwdlq derxw E *v w|sh dqg li zh duh qrw fhuwdlq wkdw wkh sod|huv

zloo ehkdyh dffruglqj wr wkh srrolqj htxloleulxp rxwfrph/ wkhq lw lv whpswlqj wr

frqfoxgh wkdw wkh wkhruhwlfdo fdvh iru xqghuvdylqj lv zhdnhu wkdq zkdw rqh pljkw

wklqn li rqh rqo| orrnhg dw wkh vwdqgdug irupxodwlrq ri wkh Vdpdulwdq*v glohppd1

Krzhyhu/ rqh pljkw remhfw wkdw wkh h{dpsoh zh kdyh dqdo|}hg lv udwkhu vshfldo1

Iru lqvwdqfh/ lw lv qrw fohdu krz uhvwulfwlyh wkh vshfl�fdwlrq ri wkh sod|huv* sd|0

r�v lv1 Pruhryhu/ vwdqgdug htxloeulxp uh�qhphqwv wkdw sxw uhvwulfwlrqv rq wkh

sod|huv* eholhiv derxw rxw0ri0htxloeulxp hyhqwv gr qrw kdyh dq| elwh lq wklv vlpsoh

;



h{dpsoh/ zkhudv rqh vkrxog h{shfw wklv wr eh wkh fdvh lq pdq| dowhuqdwlyh vhw0

wlqjv1 L zloo/ wkhuhiruh/ lq wkh iroorzlqj wzr vhfwlrqv ixuwkhu h{soruh wkh vljqdolqj

h�hfw/ exw lq d prgho wkdw lv vrphzkdw ohvv vw|ol}hg wkdq wkh deryh h{dpsoh1

61 Wkh Ehqfkpdun= Frpsohwh Lqirupdwlrq

Wkh prgho lq wklv vhfwlrq lv fkdudfwhul}hg e| v|pphwulf dqg frpsohwh lqirupdwlrq/

dqg lq pdq| uhvshfwv lw lv vlplodu wr h{lvwlqj prghov lq wkh olwhudwxuh1 Dffrug0

lqjo| wkh uhvxowv dqg lqvljkwv wkdw vkdoo eh ghulyhg iurp wkh prgho duh qrw qryho1

Krzhyhu/ wkh prgho zloo vhuyh dv d xvhixo d ehqfkpdun zkhq/ odwhu lq Vhfwlrq 7/

d prgho zlwk lqfrpsohwh lqirupdwlrq lv frqvlghuhg1

6141 Wkh Prgho

Wkhuh duh wzr lqglylgxdov/ D dqg E/ dqg wzr wlph shulrgv/ � dqg 21 D olyhv rqo|

lq shulrg 2 zkloh E olyhv lq erwk shulrgv1 Dw wkh ehjlqqlqj ri wkh �uvw shulrg/

E lv hqgrzhg zlwk h{rjhqrxv lqfrph / : f1 E *v ghflvlrq frqfhuqv krz pxfk ri

wklv lqfrph wr vdyh iru shulrg 2/ r 5 dfc /o1 Wkh uhvlgxdo dprxqw/ S�� ' / � r/

frqvwlwxwhv E *v �uvw0shulrg frqvxpswlrq1 D*v hqgrzphqw dovr htxdov /1 Lq wkh

vhfrqg shulrg/ diwhu kdylqj revhuyhg r/ D fkrrvhv krz pxfk ri khu hqgrzphqw

wr wudqvihu wr E/ | 5 dfc /o1: D frqvxphv wkh uhvlgxdo dprxqw/ S� ' /� |/ khuvhoi1

E *v vhfrqg0shulrg frqvxpswlrq frqvlvwv ri klv vdylqjv soxv wkh wudqvihu iurp D=

S2� ' rn |1

E kdv suhihuhqfhv ryhu klv rzq frqvxpswlrq lq shulrg � dqg 2/ ghvfulehg e|

wkh iroorzlqj xwlolw| ixqfwlrq=

L� Erc |� ' *L} ES��� n q *L} ES2��

' *L} E/ � r� n q *L} Ern |� c +614,

zkhuh q 5 Efc �� lv d �{hg sdudphwhu1; D lv dowuxlvwlf lq wkh vhqvh wkdw vkh

:Khqfh d qrq0qhjdwlylw| frqvwudlqw lv lpsrvhg rq wkh wudqvihu/ w � 3= D fdqqrw wdnh lqfrph
iurp E1 Wklv dvvxpswlrq vhhpv qdwxudo dqg lw lv frpprq lq wkh olwhudwxuh1 Lq Vhfwlrq 7 zh zloo
vhh wkdw wkh qrq0qhjdwlylw| frqvwudlqw lv fuxfldo iru vrph ri wkh uhvxowv frqfhuqlqj h!flhqf| lq
wkh prgho zlwk lqfrpsohwh lqirupdwlrq1

;Wkh dvvxpswlrq wkdw � lv vpdoohu wkdq xqlw| zloo eh pdgh dovr lq wkh prgho zlwk lqfrpsohwh
lqirupdwlrq frqvlghuhg lq Vhfwlrq 71 Wkh dvvxpswlrq lv qrw lpsruwdqw iru p| dujxphqw exw lw
vlpsol�hv wkh dqdo|vlv1

<



kdv suhihuhqfhv ryhu erwk khu rzq frqvxpswlrq dqg E *v xwlolw| ohyho L� 1 Wkhvh

suhihuhqfhv duh ghvfulehg e| wkh iroorzlqj xwlolw| ixqfwlrq=

L� Erc |� ' *L} ES�� n kL� Erc |�

' *L} E/ � |� n k *L} E/ � r� n kq *L} Ern |� � +615,

Khuh k : f lv d �{hg sdudphwhu wkdw uhsuhvhqwv wkh dowuxlvwlf frqfhuq ri D iru

wkh zhoiduh ri E1 Wkh vwuxfwxuh ri wkh prgho dqg lq sduwlfxodu wkh lqglylgxdov*

suhihuhqfhv duh frpprq nqrzohgjh1

6151 Dqdo|vlv

Wkh prgho ghvfulehg lq wkh suhfhglqj vxevhfwlrq frqvwlwxwhv dq h{whqvlyh irup

jdph1 Ghqrwh wklv jdph e| K� +zkhuh � vwdqgv iru frpsohwh lqirupdwlrq,1 L zloo

vroyh iru wkh vxejdph shuihfw htxloleuld ri K� wkurxjk edfnzdug lqgxfwlrq1

Ohw xv wkxv ehjlq e| frqvlghulqj D*v sureohp lq shulrg 21 D wkhq pd{lpl}hv

L� Erc |� dv jlyhq lq htxdwlrq +615, zlwk uhvshfw wr | vxemhfw wr wkh frqvwudlqw

| 5 dfc /o1 Ghqrwh wkh vroxwlrq wr wklv sureohp e| e|1 Lw lv hdv| wr yhuli| wkdw

e| ' �
kq/3r

�nkq
iru r � kq/

f rwkhuzlvh1
+616,

Qrwh wkdw iru dq| r 	 kq// e| lv ghfuhdvlqj lq r1 Wkdw lv/ li E lqfuhdvhv klv

vdylqjv/ D zloo pdnh d vpdoohu wudqvihu wr klp1 Rqh pd| wklqn ri wklv h�hfw dv dq

lpsolflw wd{ rq vdylqjv1 Lq wkh dqdo|vlv wkdw iroorzv zh vkdoo vhh wkdw wkh lpsolflw

wd{ glvwruwv E *v vdylqj lqfhqwlyhv dqg w|slfdoo| pdnhv klp frqvxph wrr pxfk lq

shulrg 4/ dv frpsduhg wr zkdw lv vrfldoo| rswlpdo1

Qrz frqvlghu shulrg �1 Dqwlflsdwlqj e|/ E fkrrvhv r1 E *v lqgluhfw xwlolw| lv

jlyhq e|

L�

�
rce|� ' *L} E/ � r� n

+
q *L} E/ n r� n q *L}

�
kq

�nkq

�
iru r � kq/

q *L} Er� rwkhuzlvh1
+617,

Wkhuh duh wzr fdvhv wr lqyhvwljdwh= +l, kq � � dqg +ll, kq 	 �1 Wkh dqdo|vlv ri fdvh

+ll, lv udwkhu fxpehuvrph dqg lv wkhuhiruh ghihuuhg wr wkh Dsshqgl{1 Fdvh +l,�wkh

rqh zkhuh D*v frqfhuq iru E lv uhodwlyho| juhdw�lv yhu| vwudljkwiruzdug1 Vlqfh lq
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wklv fdvh wkh qrq0qhjdwlylw| frqvwudlqw rq | lv qrw elqglqj iru dq| r 5 dfc /o/ E

vroyhv

4@ 
rMdfc/o

*L} E/ � r� n q *L} E/ n r� n q *L}

�
kq

� n kq

�
� +618,

E| dvvxpswlrq q 	 �> khqfh wklv sureohp kdv wkh vroxwlrq rW ' f1 Wkdw lv/ E vdyhv

qrwklqj dqg uholhv ixoo| rq wkh dqwlflsdwhg wudqvihu iurp D1 Vxevwlwxwlqj rW ' f

lqwr htxdwlrq +616, |lhogv wkh htxloleulxp rxwfrph ri |/ |W ' kq/* E� n kq�1

Sursrvlwlrq 4 vxppdul}hv wkh uhvxowv ri wkh dqdo|vlv deryh dv zhoo dv wkh uhvxowv

iru wkh fdvh kq 	 � ghulyhg lq wkh Dsshqgl{1 Ehiruh frqvlghulqj wkh sursrvlwlrq/

krzhyhu/ zh pxvw lqwurgxfh vrph pruh qrwdwlrq1 Ohw wkh ixqfwlrq ) G Efc �� $ ?
eh gh�qhg e|

) Eq� '
k
E� n q�

�nq
q � q

l
3�

� +619,

Wkh h{suhvvlrq lq +619, lv d fulwlfdo ydoxh ri k wkdw zloo eh xvhg zkhq ghvfulelqj

zkdw wkh htxloleulxp rxwfrphv duh lq gl�huhqw vxevhwv ri wkh sdudphwhu vsdfh1 Lq

wkh Dsshqgl{ +Ohppd D4,/ lw lv suryhq wkdw wkh ixqfwlrq ) lv ghfuhdvlqj/ )
�

	 f1

Rqh pd| dovr vkrz wkdw *�4q<f ) Eq� ' �*e +zkhuh e3� � f��., dqg lw lv hdv| wr

vhh wkdw *�4q<� ) Eq� ' �*�1 Wkxv/ iru dq| q 5 Efc ��/ ) Eq� dssur{lpdwho| htxdov

rqh wklug1

Sursrvlwlrq 41 Iru dq| k 9' ) Eq� wkhuh h{lvwv d xqltxh vxejdph shuihfw

htxloleulxp ri K� / dqg wkh rxwfrph ri wklv htxloleulxp lv

ErWc |W� '

;?=
�

q

�nq
/c f

�
iru k 	 ) Eq��

fc kq

�nkq
/
�

iru k : ) Eq� �
+61:,

Iru k ' ) Eq� wkhuh h{lvwv d frqwlqxxp ri vxejdph shuihfw htxloleuld ri

K� 1 Krzhyhu/ wkh rxwfrph ri dq| vxfk htxloleulxp lv hlwkhu ErWc |W� '

Eq/* E� n q� c f� ru ErWc |W� ' Efc kq/* E� n kq��1

Iljxuh 5 looxvwudwhv wkh uhvxowv vwdwhg lq wkh sursrvlwlrq1 Wkh fulwlfdo ydoxh ri

k gh�qhg lq htxdwlrq +619,/ )/ lv ghslfwhg lq wkh gldjudp dv d ixqfwlrq ri q1 Iru

ydoxhv ri k ehorz wklv fulwlfdo ydoxh/ E vdyhv wkh iudfwlrq q* E� n q� ri klv lqfrph

dqg D grhv qrw pdnh d wudqvihu1 Krzhyhu/ iru ydoxhv ri k deryh wkh fulwlfdo ydoxh/

wkh ehkdylru ri D dqg E lv txlwh gl�huhqw= E vdyhv qrwklqj dqg D wudqvihuv wkh

iudfwlrq kq* E� n kq� ri khu lqfrph wr E1 Iru ydoxhv ri k h{dfwo| dw wkh fulwlfdo
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ydoxh/ k ' ) Eq�/ E lv lqgl�huhqw ehwzhhq vdylqj qrwklqj dqg vdylqj wkh iudfwlrq

q* E� n q� ri klv lqfrph/ dqg dq| udqgrpl}dwlrq ehwzhhq wkhvh wzr fkrlfhv pd|

eh vxvwdlqhg dv sduw ri dq htxloleulxp1 Iru dq| rxwfrph ri vxfk d udqgrpl}dwlrq/

D zloo pdnh d wudqvihu wr E dffruglqj wr htxdwlrq +616,/ l1h1/ hlwkhu qrw pdnh dq|

wudqvihu ru wudqvihu wkh iudfwlrq kq* E� n kq� ri khu lqfrph1

6161 H!flhqf|

Lq wkh prgho/ uhvrxufhv fdq eh doorfdwhg lq wzr glphqvlrqv1 Iluvw/ jlyhq d ydoxh

ri |/ rqh pd| uhdoorfdwh uhvrxufhv lqwhuwhpsrudoo| e| ydu|lqj r1 Vhfrqg/ jlyhq d

ydoxh ri r/ rqh pd| uhdoorfdwh uhvrxufhv lqwhu0lqglylgxdoo| e| ydu|lqj |1 Lq wklv

vxevhfwlrq L zloo frqvlghu wkh txhvwlrq zkhwkhu wkh uhvrxufh doorfdwlrq lqgxfhg e|

d vxejdph shuihfw htxloleulxp ri K� lv Sduhwr h!flhqw1 Iluvw/ krzhyhu/ frqvlghu

vrph irupdo gh�qlwlrqv1

Dq doorfdwlrq ES�c S�� c S2�� lv d vshfl�fdwlrq ri d frqvxpswlrq ohyho S� 5 ?n

iru D dqg d frqvxpswlrq yhfwru ES�� c S2�� 5 ?2
n iru E1 Vlqfh wkhuh lv d rqh0wr0

rqh uhodwlrqvkls ehwzhhq d frqvxpswlrq yhfwru ES�c S�� c S2�� dqg d vdylqj0wudqvihu

yhfwru Erc |�/ rqh pd| dovr uhihu wr wkh yhfwru Erc |� dv dq doorfdwlrq/ dqg L vkdoo gr

vr wkurxjkrxw wklv vhfwlrq1 Dq doorfdwlrq Erc |� lv vdlg wr eh ihdvleoh li lw ehorqjv

wr wkh vhw dfc /o21 Dq doorfdwlrq
�
r
�

c |
�
�
lv vdlg wr grplqdwh dq doorfdwlrq Erc |� li

L�

�
r
�

c |
�

�
� L� Erc |� c ;� 5 i�c�j +61;,

zlwk dw ohdvw rqh vwulfw lqhtxdolw|1 Dq doorfdwlrq Erc |� lv Sduhwr h!flhqw li wkhuh

h{lvwv qr rwkhu ihdvleoh doorfdwlrq
�
r
�

c |
�
�
wkdw grplqdwhv Erc |�1

Wkh iroorzlqj uhvxow lv suryhq lq wkh Dsshqgl{1

Sursrvlwlrq 51 Vxssrvh wkdw k 9' ) Eq�1 Wkhq wkh doorfdwlrq lqgxfhg e| wkh

xqltxh vxejdph shuihfw htxloleulxp ri K� lv Sduhwr h!flhqw li dqg rqo| li

hlwkhu k 	 ) Eq� ru k � E�� q�3�1 Wkh doorfdwlrq ErWc |W� lqgxfhg e| d

vxejdph shuihfw htxloleulxp ri K� zkhq k ' ) Eq� lv Sduhwr h!flhqw li dqg

rqo| li ErWc |W� ' Eq/* E� n q� c f�1

Wkdw lv/ li D*v ghjuhh ri dowuxlvp wdnhv rq dq| ydoxh k 5 �
) Eq� c E�� q�3��/

wkhq wkh htxloleulxp rxwfrph lv qrw Sduhwr h!flhqw +fi1 Iljxuh 5,1 Uhfdoo wkdw
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iru wkhvh ydoxhv ri k/ E vdyhv qrwklqj exw uhfhlyhv d wudqvihu |W ' kq/* E� n kq�

iurp D1 Krzhyhu/ li E pdgh d fhwhulv sdulexv lqfuhdvh lq klv vdylqjv/ kh zrxog

eh ehwwhu r�1 Pruhryhu/ vlqfh D kdv dowuxlvwlf frqfhuqv iru wkh zhoiduh ri E/ wklv

zrxog pdnh dovr D ehwwhu r�1 Wkh uhdvrq zk| E vdyhv wrr olwwoh lv wkh lpsolflw wd{

rq klv vdylqjv= li E vdyhg pruh/ D zrxog kdyh dq lqfhqwlyh wr pdnh wkh wudqvihu

vpdoohu1 Khqfh/ fuxfldo iru wkh lqh!flhqf| uhvxow lv wkdw D fdq revhuyh krz pxfk

E kdv vdyhg dqg wkdw vkh fdqqrw suhfrpplw wr dq| wudqvihu ohyho1

Li wkh ghjuhh ri dowuxlvp lv hlwkhu vx!flhqwo| orz +k 	 ) Eq�, ru vx!flhqwo| kljk

+k � E�� q�3�,/ wkhq wkh htxloleulxp rxwfrph lv Sduhwr h!flhqw1 Wkh lqwxlwlrq

iru wklv lv vwudljkwiruzdug1 Iru k 	 ) Eq�/ E grhv qrw uhfhlyh dq| wudqvihu dqg

pxvw uho| rqo| rq klv rzq vdylqjv1 Vlqfh D*v ghjuhh ri dowuxlvp lv vr vpdoo lw lv/

jlyhq wkh ohyho ri E *v vdylqjv/ lqghhg rswlpdo iru D qrw wr wudqvihu dq| lqfrph wr

E1 E dqwlflsdwhv wklv vr klv vdylqj fkrlfh lv qrw glvwruwhg1 Vlploduo| iru wkh fdvh

k : E�� q�3�1 Khuh/ vlqfh D fduhv vr pxfk derxw wkh zhoiduh ri E/ lw lv lq erwk

D*v dqg E *v lqwhuhvw wkdw E grhv qrw vdyh dq|wklqj klpvhoi1

71 Lqfrpsohwh Lqirupdwlrq dqg Vljqdolqj

Lq wklv vhfwlrq L zloo frqvlghu dq dgdswdwlrq ri wkh prgho ghvfulehg dqg dqdo|}hg

lq wkh suhylrxv vhfwlrq1 Vxevhfwlrq 714 ghvfulehv wklv prgho dqg lqwurgxfhv vrph

qhz qrwdwlrq1 Vxevhfwlrq 715 fkdudfwhul}hv wkh htxloleulxp rxwfrphv ri wkh prgho1

Lq Vxevhfwlrq 716 wkh txhvwlrq lv srvhg zkhwkhu wkh doorfdwlrqv lqgxfhg e| wkh

htxloleulxp rxwfrphv duh h!flhqw1 Ilqdoo|/ Vxevhfwlrq 717 dvnv wkh vdph txhvwlrq

diwhu kdylqj lpsrvhg dq htxloleulxp uh�qhphqw wkdw uxohv rxw doo htxloleulxp

rxwfrphv h{fhsw iru rqh1

7141 Wkh Prgho

Uhodwlyh wr wkh prgho frqvlghuhg lq wkh suhylrxv vhfwlrq/ wkhuh lv rqo| rqh fkdqjh=

E lv qrz dvvxphg wr kdyh sulydwh lqirupdwlrq derxw wkh h{dfw pdjqlwxgh ri

wkh sdudphwhu q/ dqg kh ohduqv derxw wklv lq wkh ehjlqqlqj ri wkh jdph1< Wkh

<Khqfh/ wkh sulydwh lqirupdwlrq grhv qrw frqfhuq E *v vhfrqg0shulrg lqfrph/ dv zdv vxjjhvwhg
lq wkh Lqwurgxfwlrq +lqghhg/ lq wkh prghov ghvfulehg lq wklv vhfwlrq dqg lq Vhfwlrq 6/ E grhv
qrw kdyh dq| vhfrqg0shulrg lqfrph,1 Wklv dvvxpswlrq lv pdgh iru wkh vdnh ri wudfwdelolw|= lw
vlpsol�hv wkh dqdo|vlv frqvlghudeo| li kdylqj xqfhuwdlqw| derxw d sdudphwhu pxowlsolhg zlwk�
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sdudphwhu q pd| eh hlwkhu �orz� ru �kljk�= q 5 iquc qMj/ zkhuh f 	 qu 	 qM 	

�1 Li q ' qu/ wkhq E zloo eh uhihuuhg wr dv wkh �orz w|sh�> dqg li q ' qM / wkhq

E zloo eh uhihuuhg wr dv wkh �kljk w|sh1� D sodfhv wkh sulru suredelolw| > 5 Efc ��

rq E *v ehlqj wkh kljk w|sh dqg wkh sulru suredelolw| E�� >� rq E *v ehlqj wkh orz

w|sh1 Wkh pdjqlwxgh ri wkh sdudphwhu > lv frpprq nqrzohgjh1

Doo rwkhu prgho ihdwxuhv duh lghqwlfdo wr wkh prgho ghvfulehg lq Vxevhfwlrq 6141

Lq sduwlfxodu wkhuh duh wzr wlph shulrgv1 E olyhv lq erwk ri wkhp zkloh D olyhv rqo|

lq shulrg 51 D dqg E duh hdfk hqgrzhg zlwk h{rjhqrxv lqfrph / : f1 Lq shulrg

4/ E �uvw ohduqv klv w|sh dqg wkhq fkrrvhv krz pxfk ri klv lqfrph wr vdyh iru

shulrg 5/ r� 5 dfc /o zkhuh � ' ucM > ru lv wkh dprxqw ri vdylqjv fkrvhq e| wkh orz

w|sh dqg rM lv wkh dprxqw ri vdylqjv fkrvhq e| wkh kljk w|sh1 D grhv qrw nqrz

E *v w|sh exw revhuyhv klv dfwxdo vdylqjv/ ghqrwhg e| r1 Lq shulrg 5/ D fkrrvhv

krz pxfk ri khu lqfrph wr wudqvihu wr E/ | Er� 5 dfc /o1 Ghqrwh D*v srvwhulru

eholhiv wkdw E lv wkh kljk w|sh/ rq kdylqj revhuyhg r/ e| h> Er�1 Dovr/ ghqrwh D*v

dqg E *v xwlolw| ixqfwlrqv/ jlyhq E *v w|sh/ e| L� Erc | m q�� dqg L� Erc | m q��=

L� Erc | m q�� ' *L} E/ � |� n k *L} E/ � r� n kq� *L} Ern |� c � ' ucMc +714,

L� Erc | m q�� ' *L} E/ � r� n q � *L} Ern |� c � ' ucM� +715,

Djdlq/ k : f lv d �{hg sdudphwhu1

Ohw xv ghqrwh wklv jdph e| KU +zkhuh L vwdqgv iru lqfrpsohwh lqirupdwlrq,1

Wkh htxloleulxp frqfhsw wkdw zloo eh hpsor|hg lq wkh dqdo|vlv ri KU lv wkdw ri

shuihfw Ed|hvldq htxloleulxp1 D shuihfw Ed|hvldq htxloleulxp lq wklv jdph lv d

olvw ri vdylqj dqg wudqvihu ohyhov ErWuc r
W

M c |
W Er�� dqg eholhiv h> Er� vxfk wkdw +l, rWu

dqg rWM pd{lpl}h E *v xwlolw|/ jlyhq D*v htxloleulxp wudqvihu |W Er�=

rW� 5@h}4@ 
r�Mdfc/o

L� Er�c |
W Er�� m q�� c ;� 5 iucMj ( +716,

+ll, iru dq| r/ |W Er� pd{lpl}hv D*v h{shfwhg xwlolw|/ jlyhq eholhiv h> Er�=
|W Er� 5 @h}4@ 

|Er�Mdfc/o

E�� h> Er��L� Erc | Er� m qu� n h> Er�L� Erc | Er� m qM� c ;r 5 dfc /o (

+717,

dqg qrw lq wkh dujxphqw ri�wkh xwlolw| ixqfwlrq1 Krzhyhu/ rqh vkrxog h{shfw wkh txdolwdwlyh
uhvxowv ri wkh dqdo|vlv wr eh vlplodu li rqh lqvwhdg dvvxphg wkdw E kdv sulydwh lqirupdwlrq derxw
dq h{rjhqrxv vhfrqg0shulrg lqfrph1 Vhfwlrq 8 frqwdlqv d glvfxvvlrq ri zkdw uhvxowv rqh vkrxog
h{shfw li rqh dvvxphg sulydwh lqirupdwlrq derxw rwkhu sdudphwhuv wkdq �1
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dqg +lll, D*v eholhiv duh frqvlvwhqw zlwk E *v revhuyhg ehkdylru lq wkh vhqvh wkdw

Ed|hv* uxoh ghwhuplqhv h> Er� zkhqhyhu wkh suredelolw| wkdw E vdyhv r lq htxloleulxp

lv srvlwlyh/ zklfk lpsolhv wkdw

h> ErWM � ' � dqg h> ErWu� ' f li rWM 9' rWuc +718,

h> ErWM � ' h> ErWu� ' > li rWM ' rWu� +719,

Iru dq| r 9' rW� / � ' ucM / shuihfw Ed|hvldq htxloleulxp rqo| uhtxluhv wkdwh> Er� 5 dfc �o1 Khqfhiruwk L zloo zulwh �htxloleulxp� zkhq L phdq shuihfw Ed|hvldq

htxloleulxp1 Dv p| qrwdwlrq lqglfdwhv L zloo rqo| frqvlghu sxuh0vwudwhj| htxl0

oleuld1 Iru qrwdwlrqdo frqyhqlhqfh/ ohw xv zulwh | Er�� ' |�/ dqg ohw xv ghqrwh dq

rxwfrph ri d sxuh0vwudwhj| htxloleulxp e| ErWuc |
W

uc r
W

M c |
W

M�1

7151 Htxloleulxp Ehkdylru

L vkdoo uhvwulfw wkh dqdo|vlv wr wkh vxevhw ri wkh sdudphwhu vsdfh vdwlvi|lqj wkh

iroorzlqj dvvxpswlrq1

Dvvxpswlrq 41

k 5 �
) Equ� c E�� qu�

3�� � +71:,

Lpsrvlqj Dvvxpswlrq 4 phdqv wkdw zh rqo| frqvlghu wkh vxevhw ri wkh sdudp0

hwhu vsdfh zkhuh/ iru erwk w|shv/ wkh htxloleulxp rxwfrph lv qrw Sduhwr h!flhqw

lq wkh fruuhvsrqglqj frpsohwh lqirupdwlrq prgho +fi1 Sursrvlwlrq 5 dqg Iljxuh

5,1 Lw lv lpsruwdqw wr qrwh wkdw wkurxjkrxw wkh uhpdlqghu ri wkh sdshu/ doo wkh

uhvxowv wkdw duh uhsruwhg suhvxssrvh wkdw Dvvxpswlrq 4 krogv/ hyhq zkhuh wklv lv

qrw h{solflwo| vwdwhg1

715141 Vhsdudwlqj Htxloleuld

Wr vwduw zlwk/ ohw xv fkdudfwhul}h wkh rxwfrphv ri vhsdudwlqj htxloleuld1 Wkh

iroorzlqj ohppd +wkh surri ri zklfk lv irxqg lq wkh Dsshqgl{, vwdwhv wkdw zkhq

k : ) Equ� wkh orz w|sh fkrrvhv qrw wr vdyh1

Ohppd 41 Vxssrvh wkdw k : ) Equ�1 Wkhq/ lq dq| vhsdudwlqj htxloleulxp/

rWu ' f1
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Wkh lqwxlwlrq iru wklv uhvxow lv vwudljkwiruzdug1 Li srvvleoh/ dqg uhjdugohvv ri klv

wuxh w|sh/ E zrxog olnh wr eh shufhlyhg dv wkh kljk w|sh lq wkh h|hv ri D1 Krzhyhu/

lq dq| vhsdudwlqj htxloeulxp E *v w|sh zloo/ e| gh�qlwlrq/ eh uhyhdohg1 Khqfh/ wkh

ehvw wklqj wkh orz w|sh fdq gr lq vxfk dq htxloleulxp lv wr ehkdyh rswlpdoo|

wdnlqj lqwr dffrxqw wkdw D zloo nqrz E *v w|sh zkhq pdnlqj khu wudqvihu ghflvlrq1

Zh nqrz iurp wkh dqdo|vlv ri wkh ehqfkpdun prgho wkdw/ xqghu Dvvxpswlrq 4/

wklv rswlpdo ehkdylru lv wr vdyh qrwklqj1

Zh duh wkxv orrnlqj iru dq htxloleulxp zkhuh rWu ' f dqg zkhuh rWM lv srvlwlyh1

Wkh dqdo|vlv zloo eh idflolwdwhg e| Iljxuh 6d/ zklfk vkrzv wkh vdylqj0wudqvihu

vsdfh1 Wkh wzr vwudljkw olqhv lq wkh �jxuh uhsuhvhqw D*v rswlpdo wudqvihuv/ dv

jlyhq e| htxdwlrq +616,> wkh orzhu vwudljkw olqh fruuhvsrqgv wr D*v eholhylqj wkdw

q ' qu/ dqg wkh xsshu rqh fruuhvsrqgv wr D*v eholhylqj wkdw q ' qM 1 Dw ydoxhv

ri r odujhu wkdq kqu/ uhvshfwlyho| kqM// wkh qrq0qhjdwlylw| frqvwudlqw rq D*v

wudqvihu lv elqglqj/ dqg wkh rswlpdo wudqvihu lv }hur1 Wkh �jxuh dovr ghslfwv

wzr lqgl�huhqfh fxuyhv wkurxjk wkh srlqw Erc |� ' Efc kqu/* E� n kqu��/ rqh iru

wkh orz w|sh dqg rqh iru wkh kljk w|sh1 Khqfh/ wkhvh duh wkh ohyhov ri xwlolw|

dvvrfldwhg zlwk wkh w|shv* fkrrvlqj wkh orz w|sh*v htxloleulxp dprxqw ri vdylqjv

dqg uhfhlylqj wkh orz w|sh*v htxloleulxp wudqvihu143 Qrwlfh wkdw hdfk w|sh lv pdgh

ehwwhu r� li prylqj qruwkzdug lq wkh gldjudp/ l1h1/ li jhwwlqj d kljkhu | iru dq|

jlyhq r1 D pryh lq wkh qruwkzhvw gluhfwlrq lv qrw qhfhvvdulo| pdnlqj E ehwwhu

r�1 Krzhyhu/ lw wxuqv rxw wkdw li prylqj qruwkzhvw dorqj wkh xsshu vwudljkw olqh/

erwk w|shv duh pdgh ehwwhu r�1

Dv lqglfdwhg lq wkh �jxuh/ wkh ydoxh ri r iru zklfk wkh orz w|sh*v lqgl�huhqfh

fxuyh lqwhuvhfwv wkh xsshu vwudljkw olqh lv ghqrwhg e| r
�

> dqg wkh ydoxh ri r iru

zklfk wkh kljk w|sh*v lqgl�huhqfh fxuyh lqwhuvhfwv wkh vdph olqh lv ghqrwhg e| r
��

1

Wkhvh srlqwv ri lqwhuvhfwlrq/ r
�

dqg r��/ duh gh�qhg lpsolflwo| e| wkh iroorzlqj wzr

43Rqh pd| vkrz wkdw wkh wzr w|shv* lqgl�huhqfh fxuyhv wkurxjk wkh srlqw +v> w, @
�
3> ��

O
$

4.��
O

�
pxvw/ dv gudzq lq Iljxuh 6d/ eh vwulfwo| frqfdyh ixqfwlrqv ri v/ zklfk whqg wr lq�qlw| dv v whqgv
wr $1 Pruhryhu/ dw v @ 3/ wkh vorshv ri wkhvh ixqfwlrqv duh qhjdwlyh exw vwloo odujhu wkdq wkh
vorsh ri wkh orzhu vwudljkw olqh> dqg/ dv v dssurdfkhv $/ wkh vorshv dssurdfk lq�qlw|1 Ilqdoo|/
iru dq| jlyhq v/ wkh orz w|sh*v lqgl�huhqfh fxuyh kdv d odujhu vorsh wkdq wkh kljk w|sh*v +wkh
vlqjoh0furvvlqj surshuw|,1
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lghqwlwlhv=44

*L}

�
�� r

�

/

�
n qu *L}

�
� n

r
�

/

�
� qu *L}

�
qu E� n kqM �

qM E� n kqu�

�
+71;,

uhvshfwlyho|

*L}

�
�� r��

/

�
n qM *L}

�
� n

r��

/

�
� qM *L}

�
qu E� n kqM�

qM E� n kqu�

�
� +71<,

Dv wkh �jxuh lv gudzq/ erwk r
�

dqg r�� duh orfdwhg wr wkh ohiw ri kqM/1 Lq wkh

Dsshqgl{ +Ohppd D5 dqg D6/ uhvshfwlyho|, lw lv vkrzq wkdw zh dozd|v kdyh

r
�

	 kqM// dqg wkdw r
��

	 kqM/ li dqg rqo| li hlwkhu +l, kqM � � ru +ll, kqM 	 �

dqg qu : s EqM c k�/ zkhuh

s EqM c k� �
�
�

qM

E�� kqM �
3

�

qM � k

�
3�

� +7143,

Wr vwduw zlwk/ vxssrvh wkdw hlwkhu frqglwlrq +l, ru +ll, krogv vr wkdw lqghhg r
��

	

kqM// dqg uhihu djdlq wr Iljxuh 6d1 Lq rughu wr vxvwdlq d vhsdudwlqj htxloleulxp

wkhuh duh wzr qhfhvvdu| frqglwlrqv1 Iluvw/ wkh orz w|sh pxvw qrw kdyh dq lqfhqwlyh

wr fkrrvh wkh kljk w|sh*v dprxqw ri vdylqjv1 Vhfrqg/ wkh kljk w|sh pxvw qrw kdyh

dq lqfhqwlyh wr fkrrvh wkh orz w|sh*v dprxqw ri vdylqjv1 Vlqfh D zloo ohduq E *v

w|sh shuihfwo| lq dq| vhsdudwlqj htxloleulxp/ D zloo +diwhu kdylqj revhuyhg rWu ru

rWM, pdnh d wudqvihu dffruglqj wr hlwkhu rqh ri wkh wzr vwudljkw olqhv lq wkh �jxuh1

Khqfh/ e| plplfnlqj wkh kljk w|sh/ wkh orz w|sh fdq jhw d wudqvihu dffruglqj wr

wkh xsshu vwudljkw olqh1 Iru wkh orz w|sh qrw wr kdyh dq lqfhqwlyh wr gr wklv zh

pxvw kdyh rWM � r
�

> rwkhuzlvh wkh orz w|sh frxog/ e| vdylqj rWM / rewdlq d vdylqj0

wudqvihu sdlu wkdw jlyhv klp d kljkhu xwlolw| wkdq kh zloo jhw li vdylqj rqo| rWu ' f1

Vlploduo|/ iru wkh kljk w|sh qrw wr kdyh dq lqfhqwlyh wr plplf wkh orz w|sh/ zh

pxvw kdyh rWM � r��1

Li D*v rxw0ri0htxloleulxp eholhiv duh fkrvhq dssursuldwho|/ wkh wzr qhfhvvdu|

frqglwlrqv rWM � r
�

dqg rWM � r�� duh dovr vx!flhqw iru kdylqj rWu ' f dqg dq|

44Wkh ohiw0kdqg vlgh ri +71;, lv vwulfwo| ghfuhdvlqj lq v
3

1 Dovr/ wkh ohiw0kdqg vlgh ri +71;, whqgv
wr �4 dv v

3

whqgv wr $> dqg dv v
3

whqgv wr 3 wkh ohiw0kdqg vlgh whqgv wr }hur/ zkloh wkh uljkw0kdqg
vlgh ri +71;, lv vwulfwo| qhjdwlyh1 Khqfh wkh lghqwlw| lq +71;, xqltxho| gh�qhv v

3

1 Vlploduo|/ wkh
lghqwlw| lq +71<, xqltxho| gh�qhv v

33

1

4:



rWM 5 �
r
�

c r
��
�
dv sduw ri d vhsdudwlqj htxloleulxp1 Iru lqvwdqfh/ rqh pd| ohw

h> Er� ' �
f iru r 5 dfc rWM�
� iru r 5 drWM c /o �

+7144,

Wkhvh srvwhulru eholhiv duh frqvlvwhqw zlwk wkh htxloleulxp uhtxluhphqwv dqg wkh|

jxdudqwhh wkdw wkh w|shv gr qrw kdyh dq lqfhqwlyh wr ghyldwh iurp rWu uhvshfwlyho|

rWM 1

Hvvhqwldoo|/ zkdw lv qhhghg iru vxvwdlqlqj wklv nlqg ri htxloleulxp lv wkdw wkh

gl�huhqfh ehwzhhq qu dqg qM lv vx!flhqwo| vpdoo1 Wklv fdq eh vhhq iurp Iljxuh

71 Wklv �jxuh ghslfwv wkh Ekc qu�0vsdfh iru vrph jlyhq qM 1 Uhfdoo wkdw zh kdyh

uhvwulfwhg wkh dqdo|vlv wr wkh vxevhw ri wkh sdudphwhu vsdfh vdwlvi|lqj Dvvxpswlrq

4> lq wkh �jxuh/ wklv lv wkh duhd ehorz wkh judsk ri k ' E�� qu�
3� dqg deryh wkh

judsk ri k ' ) Equ�1 Wkh w|sh ri htxloleulxp rxwfrph wkdw zh kdyh mxvw ghulyhg

fdq eh vxvwdlqhg lq wkh uhjlrq odehohg +614,> wkdw lv/ wklv lv wkh uhjlrq zkhuh hlwkhu

frqglwlrq +l, ru +ll, deryh krogv dqg zkhuh Dvvxpswlrq 4 lv phw145

Lw uhpdlqv wr frqvlghu wkh fdvh zkhuh r
�� � kqM/ +ru/ htxlydohqwo|/ wkh vxevhw

ri wkh sdudphwhu vsdfh zkhuh kqM 	 � dqg qu � s EqM c k�,1 Wklv fdvh lv looxv0

wudwhg lq Iljxuh 6e1 Djdlq/ lq rughu wr vxvwdlq d vhsdudwlqj htxloleulxp lw pxvw

eh wkdw wkh wzr w|shv gr qrw kdyh dq lqfhqwlyh wr plplf hdfk rwkhu= rWM pxvw eh

ehwzhhq r
�

dqg r�/ zkhuh r� lv wkh ydoxh ri r dw zklfk wkh kljk w|sh*v lqgl�huhqfh

srlqw furvvhv wkh r0d{lv iurp ehorz1 Lw wxuqv rxw/ krzhyhu/ wkdw zh fdqqrw vxv0

wdlq doo vdylqj ohyhov ehwzhhq r
�

dqg r� dv sduw ri d vhsdudwlqj htxloleulxp1 Wr

vhh wklv/ qrwlfh wkdw uhjdugohvv ri D*v eholhiv/ iru vdylqj ohyhov odujhu wkdq kqM/

D*v wudqvihu zloo eh wkh vdph +}hur, iru erwk w|shv1 Wklv phdqv wkdw li wkh kljk

w|sh vdyhv vrph dprxqw juhdwhu wkdq kqM// wkhq wklv dprxqw pxvw eh htxdo wr

qM/* E� n qM �= wkh kljk w|sh*v rswlpdo vdylqj ohyho li qrw h{shfwlqj dq| wudqvihu1

Zh qrz jhw wzr vxefdvhv1 Wkh �uvw rqh lv rewdlqhg iru qM/* E� n qM � 	

kqM/1 Li wklv lqhtxdolw| krogv zh fdqqrw vxvwdlq dq| vdylqj ohyho lq wkh lqwhuydo

dkqM/c r
�o dv sduw ri d vhsdudwlqj htxloleulxp1 Krzhyhu/ e| fkrrvlqj wkh rxw0ri0

htxloleulxp eholhiv dssursuldwho|/ rqh fdq vxvwdlq dq| rWM 5 �
r
�

c kqM/
�
dv sduw ri

d vhsdudwlqj htxloleulxp1 Iru h{dpsoh/ rqh pd| djdlq ohw wkh eholhiv eh jlyhq e|

htxdwlrq +7144,1 Wklv nlqg ri htxloleulxp fdq eh vxvwdlqhg lq wkh uhjlrq lq Iljxuh

45Vrph surshuwlhv ri wkh +lqyhuvh ri wkh, ixqfwlrq i wkdw duh khosixo zkhq gudzlqj wkh �jxuh
duh suryhq lq wkh Dsshqgl{ +Ohppd D43,1

4;



7 odehohg +615,1 Wkdw lv/ k pxvw eh odujh hqrxjk dqg wkh gl�huhqfh ehwzhhq qu

dqg qM pxvw dovr eh vx!flhqwo| odujh1

Wkh rwkhu vxefdvh lv rewdlqhg zkhq qM/* E� n qM � � kqM/1 Li wklv lqhtxdo0

lw| krogv zh fdq lqghhg vxvwdlq vrph vdylqj ohyho lq wkh lqwhuydo dkqM/c r
�o dv

sduw ri d vhsdudwlqj htxloleulxp/ qdpho| rWM ' qM/* E� n qM �1
46 Zh fdqqrw/

krzhyhu/ vxvwdlq dq| rwkhu vdylqj ohyho lq wklv lqwhuydo dv sduw ri d vhsdudwlqj

htxloleulxp/ vlqfh wkh kljk w|sh zrxog wkhq kdyh dq lqfhqwlyh wr ghyldwh wr wkh

vdylqj ohyho qM/* E� n qM�1 Pruhryhu/ lq rughu wr vxvwdlq d vdylqj ohyho lq wkh

lqwhuydo
�
r
�

c kqM/
�
dv sduw ri d vhsdudwlqj htxloleulxp/ wkh kljk w|sh pxvw qrw

kdyh dq lqfhqwlyh wr ghyldwh wr wkh vdylqj ohyho qM/* E� n qM�1 Iru wklv frqglwlrq

wr eh phw/ wkh kljk w|sh*v vdylqj ohyho pxvw qrw eh wrr kljk> pruh suhflvho|/ lw

pxvw eh orzhu wkdq ru htxdo wr rr/ zkhuh rr lv gh�qhg lpsolflwo| e|

*L}

�
�� rr

/

�
n qM *L}

�
� n

rr

/

�
� qM *L}

�
� n kqM

k

�
� E� n qM � *L} E� n qM � �

+7145,

Khqfh/ li rr 	 r
�

/ wkhq rqo| rWM ' qM/* E� n qM � fdq eh vxvwdlqhg dv sduw ri

d vhsdudwlqj htxloleulxp> rwkhuzlvh/ li rr � r
�

/ zh fdq lq dgglwlrq vxvwdlq dq|

vdylqj ohyho lq wkh lqwhuydo
�
r
�

c rr
�
dv sduw ri d vhsdudwlqj htxloleulxp1 +Zh pd|

djdlq ohw wkh rxw0ri0htxloleulxp eholhiv eh jlyhq e| htxdwlrq +7144,1, Wkh �uvw

nlqg ri htxloleulxp fdq eh vxvwdlqhg li k lv orzhu wkdq d wkuhvkrog � Equc qM � +wkh

uhjlrq odehohg +617, lq Iljxuh 7,>47 wkh odwwhu nlqg ri htxloleulxp fdq eh vxvwdlqhg

li wkh gl�huhqfh ehwzhhq qu dqg qM lv vx!flhqwo| odujh dqg li k wdnhv rq vrph

lqwhuphgldwh ydoxh +wkh uhjlrq odehohg +616, lq Iljxuh 7,1 Qrwlfh wkdw lq wkh uhjlrq

odehohg +617,/ wkhuh lv d xqltxh vhsdudwlqj htxloleulxp rxwfrph1

Wkh uhvxowv ri wkh dqdo|vlv fduulhg rxw lq wkh suhylrxv skdudjudskv duh vxp0

pdul}hg lq Sursrvlwlrq 61

Sursrvlwlrq 61 +Vhsdudwlqj htxloleuld, Vhsdudwlqj htxloleuld h{lvw1 ErWuc |
W

uc r
W

M c |
W

M�

46 Lq wkh Dsshqgl{ +Ohppd D7, lw lv vkrzq wkdw �K$@ +4 . �K, fdqqrw eh juhdwhu wkdq +ru
htxdo wr, v�1

47 Lq wkh Dsshqgl{ +Ohppd D8,/ lw lv vkrzq wkdw wkh wkuhvkrog # +�O> �K, lv zhoo gh0
�qhg dqg wkdw # +�O> �K, A * +�K, iru doo �O 5 +3> �K, dqg wkdw olp�

O
$3 # +�O> �K, @

olp�
O
$�

K
# +�O> �K, @ * +�K,1 Pruhryhu/ L vwurqjo| frqmhfwxuh wkdw # +�O> �K, ? +4 . �K,

�4

iru doo �O 5 +3> �K,/ dowkrxjk L kdyh qrw vkrzq wklv dqdo|wlfdoo|1

4<



fdq eh vxvwdlqhg dv wkh rxwfrph ri d vhsdudwlqj htxloleulxp li dqg rqo| li

ErWuc |
W

uc r
W

M c |
W

M� 5 ifj �
�

kqu/

� n kqu

�
�lreR �

�
4@ 

�
kqM/ � rWM
� n kqM

c f

��
c

zkhuh

+614, lreR '
�
r
�

c r
��
�
li hlwkhu +d, kqM � � ru +e, li kqM 	 � dqg qu :

s EqM c k�>

+615, lreR '
�
r
�

c kqM/
�
li kqM 	 �/ k : E� n qM�

3�/ dqg qu � s EqM c k�>

+616, lreR '
�
r
�

c rr
� ^ q

qM/

�nqM

r
li k 5 �

� Equc qM � c E� n qM�
3�
�
dqg qu �

s EqM c k�>

+617, lreR '
q

qM/

�nqM

r
li k 	 � Equc qM � c k � E� n qM �

3� c dqg qu �
s EqM c k�1

715151 Srrolqj Htxloleuld

Ohw xv qrz frqvlghu wkh h{lvwhqfh ri srrolqj htxloleuld�wkdw lv/ htxloleuld zkhuh

erwk w|shv pdnh wkh vdph vdylqj ghflvlrq/ vd| rWu ' rWM ' rW1 Diwhu kdylqj

revhuyhg wklv vdylqj ohyho/ D zloo pdnh d wudqvihu wr E dffruglqj wr htxdwlrq

+616, zkhuh wkh sdudphwhu q kdv ehhq vxevwlwxwhg iru wkh h{shfwhg ydoxh ri q/

. Eq� � >qM nE�� >�qu1 Wkh judsk ri wklv rswlpdo wudqvihu ixqfwlrq lv ghslfwhg

dv wkh lqwhuphgldwh vwudljkw olqh lq Iljxuh 81 Vlploduo| wr wkh fdvh zlwk vhsdudwlqj

htxloleuld/ wkhuh duh wzr frqglwlrqv wkdw duh qhfhvvdu| lq rughu wr vxvwdlq rW dv

sduw ri d srrolqj htxloleulxp1 Iluvw/ li rW : f/ wkhq wkh orz w|sh pxvw qrw

kdyh dq lqfhqwlyh wr ghyldwh wr r ' f1 Vhfrqg/ wkh kljk w|sh pxvw qrw kdyh dq

lqfhqwlyh wr ghyldwh wr wkh vdylqj ohyho r ' qM/

�nqM
1 Wklv lv wkh rswlpdo vdylqj

ohyho iru wkh kljk w|sh li qrw h{shfwlqj dq| wudqvihu1 Lq wkh �jxuh/ wkhvh wzr

frqglwlrqv duh looxvwudwhg e| lqgl�huhqfh fxuyhv iru wkh wzr w|shv wkurxjk wkh

srlqwv Erc |� '
�
fc kqu/

�nkqu

�
dqg Erc |� '

�
qM/

�nqM
c f
�
/ uhvshfwlyho|1 Wkh wzr frqglwlrqv

duh phw iru doo r vpdoohu wkdq ru htxdo wr er uhvshfwlyho| rrr1 Wkhvh fulwlfdo ydoxhv

ri r duh gh�qhg lpsolflwo| e|

*L}

�
�� er

/

�
n qu *L}

�
� n

er
/

�
� qu *L}

�
qu E� n k. Eq��

. Eq� E� n kqu�

�
+7146,
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dqg

*L}

�
�� rrr

/

�
nqM *L}

�
� n

rrr

/

�
� qM *L}

�
qM E� n k. Eq��

k. Eq� E� n qM�

�
� *L} E� n qM � �

+7147,

Lw wxuqv rxw wkdw zh fdq vxvwdlq dq| rW 5 �
fc4�?

�erc rrr
��

dv sduw ri d srrolqj

htxloleulxp1 Krzhyhu/ lw pd| eh wkdw rrr 	 f/ lq zklfk fdvh srrolqj htxloleuld

gr qrw h{lvw1 Wkhvh uhvxowv duh vxppdul}hg lq Sursrvlwlrq 7/ d irupdo surri ri

zklfk lv irxqg lq wkh Dsshqgl{1

Sursrvlwlrq 71 +Srrolqj htxloleuld, Srrolqj htxloleuld h{lvw li dqg rqo| li k �
qM) EqM � *. Eq�1 Li wklv lqhtxdolw| lv phw/ wkhq dq|

ErWuc |
W

uc r
W

M c |
W

M � 5 lRJJ, �
�
k. Eq�/ � rW

� n k. Eq�

�
�lRJJ, �

�
k. Eq�/ � rW

� n k. Eq�

�
c

+7148,

zkhuh rWu ' rWM ' rW dqg lRJJ, '
�
fc4�?

�erc rrr
��
/ fdq eh vxvwdlqhg dv wkh

rxwfrph ri d srrolqj htxloleulxp1

Zkhq zh lq wkh qh{w vxevhfwlrq srvh wkh txhvwlrq zkhwkhu wkh doorfdwlrqv

lqgxfhg e| wkh htxloleuld duh h!flhqw/ zh vkdoo eh sduwlfxoduo| lqwhuhvwhg lq wkh

fdvh zkhuh > lv forvh wr xqlw|1 Khqfh/ lw zloo eh xvhixo wr qrwh d frxsoh ri wklqjv

frqfhuqlqj wkh vhw ri srrolqj htxloleulxp rxwfrphv lq wklv vshfldo fdvh1 Ohw xv �uvw

pdnh wkh revhuydwlrq wkdw iru ydoxhv ri > forvh wr xqlw|/ srrolqj htxloleuld h{lvw1

Wklv lv wuxh vlqfh iru > ' �/ wkh frqglwlrq iru h{lvwhqfh lq Sursrvlwlrq 7 vlpsol�hv

wr k � ) EqM�/ d frqglwlrq zklfk lv jxdudqwhhg e| Dvvxpswlrq 41 Pruhryhu/ dv

> dssurdfkhv xqlw|/ er dssurdfkhv r
�

dqg rrr dssurdfkhv rr1 Wkhvh wklqjv wdnhq

wrjhwkhu phdq wkdw e| fkrrvlqj > vx!flhqwo| forvh wr xqlw|/ zh fdq vxvwdlq dq|

rW 5 �
fc4�?

�
r
�

c rr
��

'
�
fc r

�
�
dv sduw ri d srrolqj htxloleulxp148 Lq sduwlfxodu/

zh fdq dozd|v vxvwdlq wkh rxwfrph zkhuh qrqh ri wkh w|shv vdyhv dq|wklqj dqg

wkh| erwk jhw d wudqvihu wkdw lv duelwudulo| forvh wr kqM/* E� n kqM �/ l1h1/ wkh kljk

w|sh*v wudqvihu lq wkh frpsohwh lqirupdwlrq prgho lq Vhfwlrq 61 Lq rwkhu zrugv/

li > lv forvh wr xqlw|/ wkhuh lv dw ohdvw rqh htxloleulxp rxwfrph ri wkh lqfrpsohwh

lqirupdwlrq prgho wkdw lv forvh wr wkh rxwfrph ri wkh frpsohwh lqirupdwlrq prgho

lq Vhfwlrq 61

48Zh kdyh plq
q
v
3

> v&
r
@ v

3

li � � # +�O> �K,> vhh Ohppd D8 lq wkh Dsshqgl{1
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7161 H!flhqf|

Ohw xv qrz lqyhvwljdwh zkhwkhu doorfdwlrqv lqgxfhg e| wkh htxloleuld ri wkh jdph

KU duh h!flhqw dqg/ li qrw/ zkhwkhu E vdyhv wrr olwwoh ru wrr pxfk lq wkhvh htxl0

oleuld1 Vlploduo| wr wkh xvdjh lq Vhfwlrq 6/ L zloo uhihu wr d vdylqj0wudqvihu yhfwru

Eruc |uc rM c |M � dv dq doorfdwlrq1

Lq d jdph zlwk lqfrpsohwh lqirupdwlrq wkh frqfhsw ri h!flhqf| lv qrw vwudljkw0

iruzdug1 Lq wklv vhfwlrq ri wkh sdshu wkh iroorzlqj gh�qlwlrqv zloo eh xvhg1 Iro0

orzlqj Kropvwuùp dqg P|huvrq +4<;6, L vd| wkdw dq doorfdwlrq Eruc |uc rM c |M� lv

lqfhqwlyh ihdvleoh li

L� Er�c |� m q �� � L� Er� c |� m q �� c ;�c � 5 iucMj zlwk � 9' � +7149,

dqg Eruc |uc rM c |M� 5 dfc /oe1 Dq doorfdwlrq
�
r
�

uc |
�

uc r
�

M c |
�

M

�
h{ srvw grplqdwhv dq

doorfdwlrq Eruc |uc rM c |M� li

L�

�
r
�

� c |
�

� m q�

�
� L�

�
r� c |� m q�

�
c ;� 5 iucMj dqg ;� 5 i�c�j c +714:,

zlwk dw ohdvw rqh vwulfw lqhtxdolw|1 Dqg dq doorfdwlrq Eruc |uc rM c |M � lv h{ srvw

lqfhqwlyh h!flhqw li wkhuh lv qr rwkhu lqfhqwlyh ihdvleoh doorfdwlrq wkdw h{ srvw

grplqdwhv wklv doorfdwlrq149

Lw wxuqv rxw wkdw li wkh sdudphwhuv duh vxfk wkdw wkh htxloleulxp rxwfrph

ri wkh fruuhvsrqglqj frpsohwh lqirupdwlrq prgho lv qrw Sduhwr h!flhqw +l1h1/ li

Dvvxpswlrq 4 krogv,/ wkhq qhlwkhu dq rxwfrph ri d vhsdudwlqj htxloleulxp qru dq

rxwfrph ri d srrolqj htxloleulxp fdq eh h{ srvw lqfhqwlyh h!flhqw1 Wklv lv ehfdxvh

lq d srrolqj htxloleulxp wkh w|shv ehkdyh lghqwlfdoo|/ zklfk lv qrw frqvlvwhqw zlwk

frqglwlrq +714:,/4: dqg lq d vhsdudwlqj htxloleulxp wkh vljqdolqj phfkdqlvp grhv

qrw d�hfw wkh orz w|sh*v vdylqj fkrlfh +fi1 Ohppd 4,1

49Wzr rwkhu srvvlelolwlhv duh wr pdnh wkh zhoiduh hydoxdwlrq h{ dqwh ru lqwhulp/ wkdw lv/ wr
hydoxdwh wkh rxwfrphv zkhq wkh djhqwv gr qrw nqrz wkhlu rzq w|shv qru wkh rwkhuv* w|shv/
uhvshfwlyho| zkhq wkh djhqwv gr nqrz wkhlu rzq w|shv exw qrw wkh rwkhuv* w|shv1 Wklv jlyhv ulvh
wr wkh dowhuqdwlyh qrwlrqv ri h{ dqwh uhvshfwlyho| lqwhulp lqfhqwlyh h!flhqf|1 Dq doorfdwlrq wkdw
lv h{ srvw lqfhqwlyh h!flhqw pxvw eh erwk h{ dqwh dqg lqwhulp lqfhqwlyh h!flhqw> vhh Kropvwuùp
dqg P|huvrq +4<;6,1

4:Frqglwlrq +714:, uhtxluhv wkdw li v� @ 3/ wkhq w�l 5 dujpd{w5^3>$` XD +3> w m �l, iru erwk
l @ O dqg l @ K1 Wklv lq wxuq uhtxluhv wkdw w�O 9@ w�K / zklfk lv qrw srvvleoh lq d srro0
lqj htxloleulxp1 Frqglwlrq +714:, dovr uhtxluhv wkdw li v� A 3/ wkhq v� lv d vroxwlrq wr erwk

pd{v5^3>$` XE +v> w� m �O, dqg pd{v5^3>$` XE +v> w� m �K,1 Wklv lv qrw srvvleoh vlqfh �O 9@ �K 1
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Krzhyhu/ lq d vhsdudwlqj htxloleulxp wkh kljk w|sh*v fkrlfh lv glvwruwhg xs0

zdugv= rWM : f> wkxv/ lw lv frqfhlydeoh wkdw rWM lv sduw ri dq rxwfrph wkdw lv

�h!flhqw iru wkh kljk w|sh1� Li vr/ e| ohwwlqj wkh sulru suredelolw| wkdw E lv wkh

kljk w|sh/ >/ whqg wr xqlw| zh pd|/ iurp dq h{ dqwh srlqw ri ylhz/ jhw duelwudulo|

forvh wr h{ srvw lqfhqwlyh h!flhqf|1 Dqrwkhu srvvlelolw| lv wkdw dv > whqgv wr xqlw|/

wkh rxwfrph ri d srrolqj htxloleulxp dssurdfkhv dq rxwfrph wkdw lv �h!flhqw iru

wkh kljk w|sh1� Li vr/ zh pd| djdlq jhw duelwudulo| forvh wr h{ srvw lqfhqwlyh

h!flhqf| iurp dq h{ dqwh srlqw ri ylhz�qrz lq wkh +voljkwo| zhdnhu, vhqvh wkdw

dq htxoleulxp rxwfrph fdq eh vxvwdlqhg wkdw lv duelwudulo| forvh wr rqh wkdw lv

�h!flhqw iru wkh kljk w|sh/� dqg wkh suredelolw| wkdw zh kdyh wkh kljk w|sh lv

duelwudulo| forvh wr xqlw|1

E| frqvlghulqj wkh vshfldo fdvh zkhuh > whqgv wr xqlw|/ zh dovr jhw duelwudulo|

forvh wr wkh ehqfkpdun fdvh zlwk frpsohwh lqirupdwlrq1 Zh pd| khqfh wklqn ri

vxfk dq dqdo|vlv dv d urexvwqhvv whvw ri wkh frpsohwh lqirupdwlrq prgho1 Lq wkh

iroorzlqj L zloo fduu| rxw wklv nlqg ri urexvwqhvv whvw1 Wkdw lv/ L zloo lqyhvwljdwh

li dqg zkhq wkh kljk w|sh*v vdylqj ohyho lq d vhsdudwlqj htxloleulxp lv �h!flhqw

iru wkh kljk w|sh/� dqg li dqg zkhq wkh vdylqj ohyho lq d srrolqj htxloleulxp

dssurdfkhv rqh wkdw lv �h!flhqw iru wkh kljk w|sh� dv > dssurdfkhv xqlw|1

Iluvw frqvlghu vrph irupdo gh�qlwlrqv1 Dq doorfdwlrq
�
ruc |uc r

�

M c |
�

M

�
h{ srvw

grplqdwhv dq doorfdwlrq Eruc |uc rM c |M � iru wkh kljk w|sh li

L�

�
r
�

M c |
�

M m qM

�
� L� ErM c |M m qM � c ;� 5 i�c�j c +714;,

zlwk dw ohdvw rqh vwulfw lqhtxdolw|1 Dqg dq doorfdwlrq Eruc |uc rM c |M � lv h{ srvw

lqfhqwlyh h!flhqw iru wkh kljk w|sh li wkhuh lv qr rwkhu lqfhqwlyh ihdvleoh doorfdwlrq

wkdw h{ srvw grplqdwhv wklv doorfdwlrq iru wkh kljk w|sh1

Wkhuh duh wzr frqglwlrqv wkdw duh qhfhvvdu| iru ErWuc |
W

uc r
W

M c |
W

M � wr eh h{ srvw

lqfhqwlyh h!flhqw iru wkh kljk w|sh dv zhoo dv wkh rxwfrph ri d vhsdudwlqj htxl0

oleulxp=

rWM 5@h}4@ 
rMdfc/o

L� Erc |WM m qM� +714<,

dqg

|WM 5@h}4@ 
|Mdfc/o

L� Er
W

M c | m qM � � +7153,

Wkh �uvw frqglwlrq jxdudqwhhv wkdw wkh lqwhuwhpsrudo doorfdwlrq lv h!flhqw/ dqg

wkh vhfrqg frqglwlrq lv qhfhvvdu| iru ErWuc |
W

uc r
W

M c |
W

M� wr lqghhg eh wkh rxwfrph ri
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d vhsdudwlqj htxloleulxp1 Li dq rxwfrph ri d srrolqj htxloleulxp dssurdfkhv dq

rxwfrph wkdw lv h!flhqw iru wkh kljk w|sh dv > dssurdfkhv xqlw|/ wkhq wklv olplw

rxwfrph pxvw dovr phhw wkh wzr frqglwlrqv1

Lw wxuqv rxw wkdw zkhq k : E� n qM �
3�/ frqglwlrqv +714<, dqg +7153, duh phw

rqo| iru4;

rWM '
�� k E�� qM �

� n k E� n qM �
/ � hrU +7154,

dqg

|WM '
k E� n qM�� �

� n k E� n qM �
/ � h|U � +7155,

Zkhq k � E� n qM �
3�/ frqglwlrqv +714<, dqg +7153, duh phw rqo| iru rWM '

qM

�nqM
/ � hrUU dqg |WM ' f � h|UU 1 Rqh pd| yhuli| wkdw zkhq k : E� n qM �

3�/�
rWuc |

W

uc hrU ch|U� lv lqghhg h{ srvw lqfhqwlyh h!flhqw iru wkh kljk w|sh> dqg zkhq

k � E� n qM �
3�/

�
rWuc |

W

uc hrUU ch|UU� lv lqghhg h{ srvw lqfhqwlyh h!flhqw iru wkh kljk

w|sh1

Lq rughu wr whoo li dqg zkhq wkh kljk w|sh*v vdylqj ohyho lq d vhsdudwlqj htxl0

oleulxp lv h!flhqw iru wkh kljk w|sh/ zh qhhg wr nqrz/ dprqj rwkhu wklqjv/ iru

zkdw vxevhw ri wkh sdudphwhu vsdfh hrU 5 �
r
�

c r
��
�
1 E| xvlqj wkh gh�qlwlrq ri r

��

/

rqh pd| vkrz wkdw hrU � r
��

lv htxlydohqw wr qu � } EqM c k�/ zkhuh

} EqM c k� �
%
� n k E� n qM�

2qM

�
� n k E� n qM �

2k

� �

qM � k

&3�

� +7156,

Rqh pd| dovr vkrz +vhh wkh surri ri Sursrvlwlrq 8, wkdw hrU � r
�

li dqg rqo| li

k � hk Equc qM�/ zkhuh wkh ixqfwlrq hk lv gh�qhg lpsolflwo| e|

*L}

�
� n hk E� n qM �

2hk
�
n qu *L}

�
qu d� n hk E� n qM �o

2qM E� n hkqu�

�
� f� +7157,

Zh duh qrz uhdg| wr vwdwh Sursrvlwlrq 8/ zklfk lv suryhq lq wkh Dsshqgl{1

Sursrvlwlrq 81 Vxssrvh wkdw k � E� n qM �
3�1 Wkhq dq doorfdwlrq wkdw lv h{

srvw lqfhqwlyh h!flhqw iru wkh kljk w|sh fdq eh vxvwdlqhg dv wkh rxwfrph ri

d vhsdudwlqj htxloleulxp li dqg rqo| li qu � s EqM c k�1 Li k : E� n qM �
3�/

4;Wkh dvvxpswlrq � ? +4� �O,
�4 +l1h1/ Dvvxpwlrq 4, jxdudqwhhv wkdw hvL A 3/ dqg wkh dv0

vxpswlrq � A +4 . �K,
�4 jxdudqwhhv wkdw hwL A 31
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wkhq dq doorfdwlrq wkdw lv h{ srvw lqfhqwlyh h!flhqw iru wkh kljk w|sh fdq

eh vxvwdlqhg dv wkh rxwfrph ri d vhsdudwlqj htxloleulxp li dqg rqo| li qu �
} EqM c k� dqg k � hk Equc qM �1

Iljxuh 9 looxvwudwhv wkh uhvxowv vwdwhg lq wkh sursrvlwlrq1 Wklv �jxuh lv vlplodu

wr Iljxuh 7/ exw lw dovr vkrzv wkh judsk ri wkh ixqfwlrqv k ' }3� Equ( qM� dqg

k ' hk Equc qM �1
4< Wr vwduw zlwk/ frqvlghu wkh fdvh zkhuh k � E� n qM�

3�1 Iru

wkhvh ydoxhv ri k zh zdqw wr vxvwdlq wkh vdylqj ohyho hrUU dv sduw ri wkh rxwfrph

ri d vhsdudwlqj htxloleulxp1 Zh nqrz iurp Sursrvlwlrq 8 wkdw zh fdq gr wklv li

dqg rqo| li qu � s EqM c k�1 Wkdw lv/ zh qhhg wr eh lq wkh uhjlrq odehohg +814, lq

Iljxuh 91

Qrz wxuq wr wkh fdvh zkhuh k : E� n qM�
3�1 Iru wkhvh ydoxhv ri k zh zdqw wr

vxvwdlq wkh vdylqj ohyho hrU dv sduw ri wkh rxwfrph ri d vhsdudwlqj htxloleulxp1 Wklv

lv srvvleoh lq wkh uhjlrq odehohg +815, lq Iljxuh 91 Krzhyhu/ lq wkh vxevhw ri wkh

sdudphwhu vhw vdwlvi|lqj Dvvxpswlrq 4/ wkhuh duh wzr uhjlrqv lq zklfk zh fdqqrw

vxvwdlq dq rxwfrph wkdw lv h{ srvw lqfhqwlyh h!flhqw iru wkh kljk w|sh1 Wkh �uvw

rqh ri wkhvh/ uhjlrq +816,/ lv rewdlqhg zkhq qu lv vx!flhqwo| forvh wr qM 1 Lq wklv

uhjlrq doo rxwfrphv wkdw fdq eh vxvwdlqhg dv rxwfrphv ri d vhsdudwlqj htxloleulxp

lqyroyh xqghuvdylqj1 Wkh vhfrqg uhjlrq/ odehohg +817, lq wkh �jxuh/ lv rewdlqhg

zkhq k : hk Equc qM �1 Lq wklv uhjlrq doo vhsdudwlqj htxloleuld lqyroyh ryhuvdylqj

iru wkh kljk w|sh1 Krzhyhu/ lw wxuqv rxw wkdw li k : hk Equc qM �/ wkhq wkhuh lv dq

rxwfrph ri d srrolqj htxloleulxp wkdw/ dv > whqgv wr xqlw|/ jhwv duelwudulo| forvh

wr wkh rqh wkdw lv h!flhqw iru wkh kljk w|sh1

Wr vhh wkh lpsolfdwlrqv ri wkhvh uhvxowv/ wklqn ri wkh Vdpdulwdq*v0glohppd

prgho zlwk frpsohwh lqirupdwlrq frqvlghuhg lq Vhfwlrq 61 Vxssrvh wkdw wkh sd0

udphwhu q lq wkdw prgho htxdov vrph q ' qM 5 Efc ��1 Zh nqrz wkdw li k lv

qhlwkhu wrr vpdoo qru wrr odujh/ wkhq wkh rxwfrph ri wkh xqltxh vxejdph shuihfw

htxloleulxp ri wklv prgho lv lqh!flhqw1 Qrz vxssrvh wkdw zh dgg wr wklv prgho d

voljkw dprxqw ri xqfhuwdlqw|/ dqg zh gr wklv lq wkh iroorzlqj sduwlfxodu zd|= zlwk

vrph vpdoo suredelolw|/ wkh sdudphwhu q grhv qrw htxdo qM exw qu1 Ixuwkhupruh/

qu lv vx!flhqwo| pxfk vpdoohu wkdq qM 1 Vlqfh wkh suredelolw| wkdw q htxdov qu

dqg qrw qM fdq eh pdgh duelwudulo| vpdoo/ wklv prgho lv yhu| forvh wr wkh prgho

4<Vrph surshuwlhv ri wkhvh ixqfwlrqv wkdw duh khosixo zkhq gudzlqj wkh �jxuh duh suryhq lq
wkh Dsshqgl{ +Ohppd D44 uhvs1 D45,1
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zlwk frpsohwh lqirupdwlrq1 Vwloo/ lq wkh qhz prgho zlwk lqfrpsohwh lqirupdwlrq

rqh fdq vxvwdlq dq rxwfrph wkdw lv +doprvw, h{ srvw lqfhqwlyh h!flhqw1

Rqh vkrxog ehdu lq plqg/ krzhyhu/ wkdw wkh doprvw h!flhqw rxwfrph lv rqo|

rqh ri pdq| srvvleoh htxloleulxp rxwfrphv1 Zkhq dq htxloleulxp rxwfrph lv

qrw h!flhqw/ lw pd| lqyroyh hlwkhu xqghuvdylqj ru ryhuvdylqj rq wkh sduw ri E1 Lq

sduwlfxodu/ dv qrwhg lq Vxevhfwlrq 715/ iru ydoxhv ri > forvh wr xqlw| wkhuh dozd|v

h{lvwv d srrolqj htxloleulxp rxwfrph wkdw lv duelwudulo| forvh wr wkh htxloleulxp

rxwfrph ri wkh frpsohwh lqirupdwlrq prgho1 Lq wkh qh{w vxevhfwlrq L zloo frqvlghu

wkh txhvwlrq zkdw fdq eh vdlg derxw h!flhqf| dqg xqghuvdylqj zkhq zh lpsrvh

vrph htxloleulxp uh�qhphqwv wkdw duh riwhq xvhg lq vljqdolqj prghov1

7171 Htxloleulxp Uh�qhphqwv

Lq Vxevhfwlrq 716 lw zdv vkrzq wkdw li qu lv vx!flhqwo| vpdoo/ wkhq dq �doprvw

h!flhqw� ohyho ri E *v vdylqjv fdq eh vxvwdlqhg dv sduw ri dq htxloleulxp1 Krzhyhu/

wr vrph h{whqw wklv srvvlelolw| uholhv rq rxu fkrrvlqj eholhiv r� wkh htxloleulxp

sdwk lq d sduwlfxodu pdqqhu1 Wr vhh wklv/ frqvlghu Iljxuh 6d dqg vrph vdylqj

ohyho rWM 5 �
r
�

c r
��
�
1 Lq rughu wr vxvwdlq wklv dv wkh kljk w|sh*v vdylqj ohyho lq d

vhsdudwlqj htxloleulxp/ D pxvw dvvljq srvlwlyh suredeolw| wr E *v ehlqj wkh orz

w|sh zkhq revhuylqj dq| vdylqj ohyho r 5 �
r
�

c rWM
�
> rwkhuzlvh wkh kljk w|sh zrxog

kdyh dq lqfhqwlyh wr ghyldwh wr dq| vxfk vdylqj ohyho r1 Krzhyhu/ lw lv fohdu iurp

wkh �jxuh wkdw uhjdugohvv ri zklfk srvwhulru eholhiv h> Er� 5 dfc �o D krogv/ wkh orz

w|sh lv dozd|v vwulfwo| ehwwhu r� fkrrvlqj r ' f wkdq fkrrvlqj dq| vdylqj ohyho

r 5 �
r
�

c r
��
�
1 Khqfh rqh pd| dujxh wkdw dq| eholhiv dvvljqlqj srvlwlyh suredelolw|

wr wkh orz w|sh*v vdylqj r 5 �
r
�

c r
��
�
duh xquhdvrqdeoh1 Exw li zh gr qrw doorz vxfk

eholhiv wkh kljk w|sh zloo ghyldwh/ dqg zh fdqqrw vxvwdlq rWM dv wkh kljk w|sh*v

vdylqj ohyho lq dq htxloleulxp1 Wkh vdph uhdvrqlqj dssolhv iru doo rWM 5 �
r
�

c r
��
�
1

Lq Iljxuh 6d/ wkh rqo| vdylqj ohyho ri wkh kljk w|sh wkdw vxuylyhv wklv uh�qhphqw

lv rWM ' r
�

1

Frqfhuqlqj wkh vhw ri vhsdudwlqj htxloleulxp rxwfrphv wkdw zh ghulyhg xvlqj

Iljxuh 6e/ wkh nlqg ri uhdvrqlqj ghvfulehg lq wkh suhylrxv sdudjudsk zrunv lq

wkh vdph zd|1 Djdlq wkhuh lv rqo| rqh vxuylylqj rxwfrph1 Khuh wklv rxwfrph

lqyroyhv wkh kljk w|sh vdylqj rWM ' r
�

li k � � Equc qM � dqg rwkhuzlvh rWM '
qM/

�nqM
1 Krzhyhu/ wklv nlqg ri uh�qhphqw grhv qrw kdyh wkh vdph elwh rq wkh vhw
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ri srrolqj htxloleuld1 Lq rughu wr uxoh rxw doo srrolqj htxloleuld zh pxvw lqyrnh

vrph vwurqjhu htxloleulxp uh�qhphqw1 Rqh uh�qhphqw wkdw zloo gr wkh mre lv wkh

vr0fdoohg lqwxlwlyh fulwhulrq +Fkr dqg Nuhsv/ 4<;:,1 Frqfhuqlqj wkh sduwlfxodu

prgho frqvlghuhg khuh/ wklv fulwhulrq vd|v wkh iroorzlqj1 Il{ vrph htxloleulxp ri

wkh jdph KU 1 Vxssrvh wkdw/ iru dq| srvvleoh ehvw uhvsrqvh e| D/ wkh htxloleulxp

xwlolw| ri E zkhq ehlqj wkh orz w|sh lv vwulfwo| juhdwhu wkdq wkh xwlolw| wkh orz

w|sh zrxog uhfhlyh li kh vdyhg vrph rxw0ri0htxloleulxp dprxqw r/ uhjdugohvv ri D*v

eholhiv1 Pruhryhu/ vxssrvh wkdw wklv lv qrw wuxh iru wkh kljk w|sh> wkdw lv/ wkhuh

duh vrph eholhiv h> Er� vxfk wkdw/ li D pdnhv d ehvw uhvsrqvh jlyhq wkhvh eholhiv/

wkh kljk w|sh zrxog jhw d kljkhu sd|r� li fkrrvlqj r lqvwhdg ri rWM 1 Wkhq/ li D

revhuyhv wkh vdylqj ohyho r/ D vkrxog sodfh }hur suredelolw| rq wkh srvvlelolw| wkdw

E lv wkh orz w|sh/ h> Er� ' �1 Wklv uhtxluhphqw pxvw krog iru doo rxw0ri0htxloleulxp

vdylqj ohyhov r1 Li lw grhv/ zh vd| wkdw wkh htxloleulxp lv lqwxlwlyh1 Wkh iroorzlqj

sursrvlwlrq lv suryhq lq wkh Dsshqgl{1

Sursrvlwlrq 91 Wkhuh lv d xqltxh lqwxlwlyh htxloleulxp rxwfrph ri KU 1 Li k �
� Equc qM �/ wkhq wklv rxwfrph lv ErWuc |

W

uc r
W

M c |
W

M � '
�
fc kqu/

�nkqu
c r

�

c kqM/3r
�

�nkqM

�
>

rwkhuzlvh wklv rxwfrph lv ErWuc |
W

uc r
W

M c |
W

M� '
�
fc kqu/

�nkqu
c qM/

�nqM
c f
�
1

E| lpsrvlqj wkh lqwxlwlyh fulwhulrq zh wkxv jhw d xqltxh suhglfwlrq ri wkh

prgho zlwk lqfrpsohwh lqirupdwlrq1 Wklv suhglfwlrq vd|v wkdw/ ghshqglqj rq krz

k uhodwhv wr wkh fulwlfdo ohyho � Equc qM�/ wkh kljk w|sh vdyhv hlwkhu rWM ' r
�

ru

rWM ' qM/

�nqM
1 Iljxuh : looxvwudwhv wkh uhvxowv1 Lq wkh uhjlrq zkhuh Dvvxpswlrq 4

krogv dqg k 	 � Equc qM� +odehohg +914, lq wkh �jxuh,/ wkh kljk w|sh vdyhv rWM '
qM/

�nqM
1 Wklv dprxqw ri vdylqjv lv h!flhqw iru wkh kljk w|sh/ vlqfh k 	 � Equc qM �

lpsolhv k � E� n qM �
3�153 Iru k � � Equc qM�/ wkh kljk w|sh vdyhv rWM ' r

�

1 Wklv

dprxqw ri vdylqjv lv h!flhqw iru wkh kljk w|sh rqo| li k ' hk1 Iru k ehorz wklv

fulwlfdo ydoxh/ wkh kljk w|sh vdyhv wrr olwwoh +wkh uhjlrq odehohg +915,,> dqg iru k

deryh wklv fulwlfdo ydoxh/ wkh kljk w|sh vdyhv wrr pxfk +wkh uhjlrq odehohg +916,,1

Wklv phdqv wkdw iru d vxevhw ri wkh sdudphwhu vsdfh zh fdq vwloo vxvwdlq dq

+doprvw, h!flhqw rxwfrph/ dowkrxjk wklv vxevhw lv vpdoohu wkdq wkh fruuhvsrqglqj

vxevhw zlwkrxw lpsrvlqj wkh uh�qhphqw1 Pruhryhu/ hyhq zkhuh zh fdqqrw vxvwdlq

53Krzhyhu/ wklv dujxphqw uholhv rq wkh suhvxpswlrq wkdw # +�O> �K, ? +4 . �K,�4 iru doo
�O 5 +3> �K,/ d uhvxow zklfk L kdyh qrw suryhq dqdo|wlfdoo|1 Fi1 qrwh 471
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dq doprvw h!flhqw rxwfrph +l1h1/ lq wkh uhjlrqv +915, dqg +916,,/ zh qrz kdyh d

xqltxh suhglfwlrq zklfk lv txdolwdwlyho| gl�huhqw iurp wkh rqh ri wkh frpsohwh

lqirupdwlrq prgho1 Lqwhuhvwlqjo|/ lw fdq dovr kdsshq +lq uhjlrq +916,, wkdw wkh

kljk w|sh ryhuvdyhv1

81 Frqfoxglqj Glvfxvvlrq

Wkh Vdpdulwdq*v glohppd�l1h1/ wkh lghd wkdw/ lq wkh suhvhqfh ri dowuxlvp/ shrsoh

pd| fkrrvh wr vdyh +ru zrun ru lqvxuh, wr d wrr vpdoo h{whqw�lv fhuwdlqo| yhu|

lqwxlwlyh1 Lq wkh dowhuqdwlyh irupxodwlrq ri wkh Vdpdulwdq*v glohppd frqvlghuhg lq

wklv sdshu wkhuh lv dq dgglwlrqdo h�hfw suhvhqw/ zklfk frxqwhudfwv wkh xqghuvdylqj

h�hfw1 Wkh phfkdqlfv ri wklv qhz irufh vkrxog dovr�rqfh zh kdyh ehfrph dzduh

ri wkhp�eh yhu| lqwxlwlyh1 Iru wkh qhz irufh wr lqghhg zrun lq wkh �uljkw�

gluhfwlrq +l1h1/ wr frxqwhudfw wkh xqghuvdylqj h�hfw,/ wkh iroorzlqj frqglwlrq pxvw

krog1 Vxssrvh wkdw E kdv sulydwh lqirupdwlrq derxw vrph sdudphwhu % dqg wkdw

kh/ hyhu|wklqj hovh ehlqj htxdo/ kdv dq lqfhqwlyh wr vdyh pruh zkhq nqrzlqj wkdw

% lv kljk +orz,1 Wkhq/ eholhylqj wkdw % lv kljk +orz, zloo lqgxfh D wr pdnh wkh

wudqvihu wr E odujhu1 Vlqfh E zdqwv wkh wudqvihu wr eh odujh/ kh zrxog olnh D wr

eholhyh wkdw % lv kljk +orz,> dqg kh fdq wu| wr pdnh D eholhyh wklv e| vdylqj pruh1

Wkh frqglwlrq lv phw li/ dv zdv vxjjhvwhg lq wkh Lqwurgxfwlrq/ % lv d phdvxuh

ri E *v vhfrqg0shulrg lqfrph ru li/ dv zdv dvvxphg lq wkh irupdo prgho ri Vhfwlrq

7/ % lv d glvfrxqw idfwru ru d zhljkw rq E *v vhfrqg0shulrg xwlolw|1 Rqh pd| zrqghu

zkhwkhu wkh suhvhqfh ri wkh frxqwhudfwlqj h�hfw lv klqjlqj rq wkh dvvxpswlrq wkdw

wkh lqfrpsohwh lqirupdwlrq frqfhuqv rqh ri wkhvh wzr sduwlfxodu fkdudfwhulvwlfv ri

E154 Zkdw li E kdg sulydwh lqirupdwlrq derxw wkh uhwxuq rq klv vdylqjv ru derxw

klv �uvw0shulrg lqfrphB

Li wkh sdudphwhu % lv lqwhusuhwhg dv wkh uhwxuq rq E *v vdylqjv dqg li zh vwlfn wr

wkh orj0xwlolw| vshfl�fdwlrq lq wkh suhvhqw sdshu/ wkhq lw lv fohdu wkdw wkhuh zrxog

qrw eh dq| frxqwhudfwlqj irufh suhvhqw1 Wklv lv ehfdxvh zlwk orj0xwlolw| dqg zlwk

D*v wudqvihu | ehlqj htxdo wr }hur/ wkh rswlpdo vdylqj ohyho lv lqghshqghqw ri wkh

54Krzhyhu/ rqh vkrxog uhphpehu wkdw/ vlqfh wklv sdshu lv pdlqo| frqfhuqhg zlwk wkh urexvwqhvv
ri wkh Vdpdulwdq*v glohppd/ lw vx!fhv/ lq sulqflsoh/ wr �qg rqh h{dpsoh ri d sdudphwhu kdylqj
wkh surshuw| wkdw wkh prgho*v suhglfwlrq pdnhv d glvfuhwh mxps zkhq zh dgg d vpdoo dprxqw
ri xqfhuwdlqw| derxw wkh sdudphwhu1
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uhwxuq> dqg li | lv srvlwlyh/ wkhq wkh rswlpdo vdylqj ohyho lv lqfuhdvlqj zlwk wkh

uhwxuq1 Krzhyhu/ li wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq lv frqvwdqw exw

vx!flhqwo| ohvv wkdq rqh +ru/ htxlydohqwo|/ li wkh ghjuhh ri uhodwlyh ulvn dyhuvlrq lv

vx!flhqwo| juhdwhu wkdq rqh,/ wkhq E zloo kdyh dq lqfhqwlyh wr vdyh pruh zkhq

nqrzlqj wkdw wkh uhwxuq lv orz> dqg D zloo dovr kdyh dq lqfhqwlyh wr pdnh khu

wudqvihu odujhu zkhq eholhylqj wkdw wkh uhwxuq lv orz1 Khqfh/ xqghu wklv dvvxps0

wlrq/ rqh zrxog djdlq jhw frxqwhudfwlqj vljqdolqj1 Wkh dvvxpswlrq derxw wkh

lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq vhhpv uhdvrqdeoh= wkh orj0xwlolw| dvvxps0

wlrq lq wkh suhvhqw sdshu zdv pdgh iru wudfwdelolw| uhdvrqv/ dqg wkhuh lv hpslulfdo

hylghqfh wkdw wklv hodvwlflw| lv lqghhg ohvv wkdq rqh1

Sulydwh lqirupdwlrq derxw E *v �uvw0shulrg lqfrph grhv ri frxuvh qrw jlyh ulvh

wr dq| rssruwxqlw| wr vljqdo dv orqj dv E *v xwlolw| ixqfwlrq lv dgglwlyho| vhsdudeoh

ryhu wlph/ vlqfh wkhq wkh vl}h ri E *v lqfrph lq wkh �uvw shulrg grhv qrw d�hfw

D*v lqfhqwlyh wr wudqvihu lqfrph wr klp lq wkh vhfrqg shulrg1 Krzhyhu/ li E *v

pdujlqdo xwlolw| ri vhfrqg0shulrg frqvxpswlrq lv lqfuhdvlqj zlwk E *v �uvw0shulrg

frqvxpswlrq/ wkhq wkh frqglwlrq deryh lv djdlq vdwlv�hg1 Wklv uhtxluhphqw rq

wkh vljq ri wkh furvv ghulydwlyh ri wkh xwlolw| ixqfwlrq lv/ iru lqvwdqfh/ phw iru wkh

iroorzlqj suhihuhqfhv= L� ES�� c S2�� ' ES���
@ ES2��

K iru vrph @c K : f1

\hw dqrwkhu sdudphwhu lq wkh prgho zklfk wkhuh frxog frqfhlydeo| eh xqfhu0

wdlqw| derxw lv wkh dowuxlvp sdudphwhu/ k155 Lq wkh prgho dqdo|}hg lq wklv sdshu/

D*v kdylqj sulydwh lqirupdwlrq derxw k zrxog qrw jlyh ulvh wr dq| vljqdolqj/ vlqfh

D lv dfwlqj odvw lq wkh jdph1 Krzhyhu/ wklv lv qrw wuxh iru wkh irupxodwlrq ri

wkh Vdpdulwdq*v glohppd frqvlghuhg lq Olqgehfn dqg Zhlexoo +4<;;,1 Lq wkdw

prgho wkhuh duh wzr lqglylgxdov zkr duh dowuxlvwlf wrzdug hdfk rwkhu1 Wkh| erwk/

vlpxowdqhrxvo|/ pdnh d vdylqj ghflvlrq lq shulrg rqh1 Lq shulrg wzr wkh| re0

vhuyh wkh rwkhu rqh*v vdylqj ghflvlrq dqg wkhq/ vlpxowdqhrxvo|/ ghflgh krz pxfk

+li dq|wklqj, wr wudqvihu wr hdfk rwkhu1 Li wkh| erwk duh htxdoo| zhdowk|/ wkhq/

lq htxloleulxp/ rqo| wkh lqglylgxdo zkr lv pruh dowuxlvwlf zloo pdnh d srvlwlyh

wudqvihu1 Dqwlflsdwlqj wklv/ wkh ohvv dowuxlvwlf lqglylgxdo zloo xqghuvdyh lq wkh �uvw

shulrg1 Li rqh wr wklv vhwwlqj dgghg wkh dvvxpswlrq wkdw rqh ru erwk ri wkh lq0

glylgxdov kdyh lqfrpsohwh lqirupdwlrq derxw wkh rwkhu rqh*v ghjuhh ri dowuxlvp/

55Xqfhuwdlqw| derxw wkh ghjuhh ri dowuxlvp kdv ehhq prghohg e| Fkdnudeduwl/ Orug/ dqg
Udqjd}dv +4<<6, dqg Orug dqg Udqjd}dv +4<<8,1
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wkhq rqh vkrxog h{shfw wkh xqghuvdylqj wr eh h{dfhuedwhg/ wkh uhdvrq ehlqj wkdw

erwk lqglylgxdov zrxog olnh wr vljqdo wkdw wkh| duh ohvv dowuxvlwlf wkdq wkh rwkhu

rqh/ dqg d shuvrq zkr lqghhg kdv d orz dowuxlvp sdudphwhu grhv qrw h{shfw d

wudqvihu dqg vkrxog wkhuhiruh vdyh d orw rq klv rzq1

Uhwxuqlqj wr wkh vhwwlqj ri Vhfwlrq 7 ri wkh suhvhqw sdshu/ zh vdz wkdw wkh suhv0

hqfh ri dq duelwudulo| vpdoo dprxqw ri lqfrpsohwh lqirupdwlrq pdnhv lw srvvleoh

wr vxvwdlq d odujh qxpehu ri gl�huhqw rxwfrphv dv dq htxloleulxp/ dqg wkhvh rxw0

frphv w|slfdoo| lqyroyh erwk xqghuvdylqj dqg ryhuvdylqj1 Dowkrxjk ixoo h!flhqf|

fdqqrw eh rewdlqhg/ rqh pd| lq d vxevhw ri wkh sdudphwhu vsdfh jhw duelwudulo|

forvh wr h{ srvw lqfhqwlyh h!flhqf|1 Pruhryhu/ li wkh gl�huhqfh ehwzhhq wkh wzr

w|shv lv elj hqrxjk/ wklv lv srvvleoh iru doo ydoxhv ri wkh dowuxvlp sdudphwhu iru

zklfk zh jhw lqh��flhqf| lq wkh frpsohwh lqirupdwlrq prgho1 Wkhuh lv ri frxuvh

qr jxdudqwhh wkdw wkh +doprvw, h!flhqw rxwfrph zloo eh sod|hg1 Lqghhg/ dprqj

wkh htxloleulxp rxwfrphv wkhuh lv dovr d srrolqj rqh zklfk lv forvh wr wkh xqltxh

rxwfrph ri wkh frpsohwh lqirupdwlrq prgho dqg zklfk lqyroyhv xqghuvdylqj1 Krz0

hyhu/ dv qrwhg lq frqqhfwlrq wr wkh h{dpsoh lq Vhfwlrq 5/ wkh uhvxowv vkrz wkdw wkh

wkhruhwlfdo fdvh iru xqghuvdylqj lv pxfk zhdnhu wkdq zkdw rqh pljkw wklqn li rqo|

orrnlqj dw wkh vwdqgdug irupxodwlrq ri wkh Vdpdulwdq*v glohppd1 Lq wklv frqwh{w

lw lv dovr lqwhuhvwlqj wr uhfdoo wkh vfkrro ri wkrxjkw wkdw lv xvxdoo| dvvrfldwhg zlwk

wkh Xqlyhuvlw| ri Fklfdjr dqg hvshfldoo| zlwk Jdu| Ehfnhu/ zklfk vxjjhvwv wkdw

wkhuh duh vwurqj irufhv lq dfwlrq pdnlqj uhvrxufh doorfdwlrqv h!flhqw/ lq sduwlfxodu

zlwklq wkh idplo|1

Ri frxuvh wkhuh duh vrph fdyhdwv1 Rqh ri wkhp lv wkh idfw wkdw zh fduulhg rxw

wkh dqdo|lv ri wkh vljqdolqj jdph xqghu wkh dvvxpswlrq wkdw wkh pdjqlwxgh ri wkh

dowuxlvp sdudphwhu lv vxfk wkdw zh jhw lqh!flhqf| lq wkh fruuhvsrqglqj frpsohwh

lqirupdwlrq prgho +Dvvxpswlrq 4,1 Grlqj wklv dfwxdoo| jlyhv ulvh wr d eldv lq idyru

ri vpdoohu lqh!flhqflhv vlqfh/ li zh kdyh d �uvw0ehvw rxwfrph zlwkrxw vljqdolqj/

lqfrpsohwh lqirupdwlrq fdq rqo| pdnh wklqjv zruvh1 Khqfh/ kdg zh lqyhvwljdwhg

dovr wkh vxevhw ri wkh sdudphwhu vsdfh qrw vdwlvi|lqj Dvvxpswlrq 4/ zh zrxog

kdyh irxqg pruh ri ryhuvdylqj1 Dqrwkhu fdyhdw lv wkh idfw wkdw/ wr vrph h{whqw/

wkh +doprvw, h!flhqw htxloleulxp rxwfrph lv vhqvlwlyh wr htxloleulxp uh�qhphqwv

vxfk dv wkh lqwxlwlyh fulwhulrq1 Dowkrxjk wkh fkrlfh ri d uh�qhphqw lv dozd|v
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frqwuryhuvldo/56 lw lv lqwhuhvwlqj wr vhh zkdw wkh lqwxlwlyh fulwhulrq lpsolhv iru wkh

suhvhqw prgho1 Zkdw zh irxqg lq Vxevhfwlrq 717 zdv wkdw wkh lqwxlwlyh fulwhulrq

lqghhg jlyhv xv d xqltxh htxloleulxp rxwfrph/ dqg wklv rxwfrph lv qhyhu forvh wr

wkh rxwfrph ri wkh frpsohwh lqirupdwlrq prgho1 Wklv phdqv wkdw li zh lqfuhdvh

wkh dprxqw ri xqfhuwdlqw| derxw wkh uhflslhqw*v w|sh/ zh zloo jhw d glvfrqwlqxlw|

dw }hur1 Wkdw lv/ wkh xqltxh htxloleulxp rxwfrph dozd|v lqyroyhv pruh vdylqj

wkdq lq wkh frpsohwh lqirupdwlrq prgho1 Ghshqglqj rq sdudphwhu ydoxhv/ zh fdq

hlwkhu jhw xqghuvdylqj/ +doprvw, h!flhqf|/ ru ryhuvdylqj1 Wkh +doprvw, h!flhqf|

uhvxow lv rewdlqhg zkhq wkh dowuxlvp sdudphwhu lv vx!flhqwo| orz/ exw vwloo odujh

hqrxjk wr jlyh ulvh wr xqghuvdylqj lq wkh frpsohwh lqirupdwlrq prgho1 Wkh vxevhw

ri wkh sdudphwhu vsdfh zkhuh zh jhw wklv uhvxow lv wkh vdph dv iru zklfk zh jhw

d xqltxh vhsdudwlqj htxloleulxp rxwfrph ri wkh prgho zlwkrxw dq| uh�qhphqw157

Lq Vhfwlrq 7 zh vdz wkdw wkh uhdvrq zk| zh jhw wklv xqltxhqhvv lv forvho| uhodwhg

wr wkh idfw wkdw wkhuh lv d qrq0qhjdwlylw| frqvwudlqw rq wkh wudqvihu1

Dv qrwhg lq wkh Lqwurgxfwlrq/ wkh phfkdqlvp lq wkh vwdqgdug Vdpdulwdq*v

glohppd prgho dqg lq sduwlfxodu wkh xqghuvdylqj uhvxow kdv ehhq hpsor|hg lq

dq h{whqvlyh olwhudwxuh/ dgguhvvlqj ydulrxv lvvxhv1 Dowkrxjk wkhvh prghov duh qrw

lghqwlfdo wr wkh ehqfkpdun prgho ri wkh suhvhqw sdshu/ wkh edvlf phfkdqlvp lv wkh

vdph1 Khqfh/ rqh vkrxog h{shfw wkh xqghuvdylqj uhvxow dovr lq wkrvh rwkhu prghov

wr eh vhqvlwlyh wr wkh dvvxpswlrq wkdw lqirupdwlrq lv frpsohwh1 Rqh pd| remhfw

wkdw wkh olwhudwxuh flwhg lq wkh Lqwurgxfwlrq lq pdq| fdvhv frqfhuqv dq h!flhqf|

dujxphqw> wkh dujxphqwv jr wkurxjk hyhq li wkh xqghuvdylqj lv plwljdwhg dv orqj

dv lw lv qrw h{dfwo| h!flhqw1 Vwloo wklv lv qrw dozd|v wkh fdvh1 Iru h{dpsoh/ wkh

dujxphqw lq R*Frqqhoo dqg ]hoghv +4<<6, +vhh wkh Lqwurgxfwlrq, frqfhuqv wkh

dfwxdo ohyho ri vdylqjv dqg wkh txhvwlrq krz lw uhodwhv wr wkh uhdo lqwhuhvw udwh lq

wkh hfrqrp|1 Dq lqwhuhvwlqj wrslf iru ixwxuh uhvhdufk zrxog eh wr lqyhvwljdwh wkh

vljqdolqj phfkdqlvp lq wkh suhvhqw sdshu lq d vhwwlqj wkdw lv forvhu wr wkh rqh lq

wkh h{lvwlqj olwhudwxuh/ lq rughu wr �qg rxw wr zkdw h{whqw wkrvh uhvxowv lqghhg

56Rqh uhdvrq iru wklv lv wkdw wkh lqwxlwlyh fulwhulrq dqg rwkhu uh�qhphqwv wkdw duh edvhg rq
htxloleulxp grplqdwlrq duh vhqvlwlyh wr wkh vr0fdoohg Vwljolw} fulwltxh1 Vhh h1j1 Fkr dqg Nuhsv
+4<;:, ru Nuhsv dqg Vreho +4<<7,1

57\hw dqrwkhu fdyhdw lv wkdw L kdyh qrw suryhq dqdo|wlfdoo| wkdw wkh vxevhw ri wkh sdudphwhu
vsdfh zkhuh wkh doprvw h!flhqf| uhvxow lv rewdlqhg +uhjlrq 914 lq Iljxuh :, qhyhu lv hpsw|1
Krzhyhu/ L kdyh qrw ehhq deoh �qg dq| frxqwhu0h{dpsoh zkhq sorwwlqj wkh uhohydqw ixqfwlrqv
rq d frpsxwhu1
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duh vhqvlwlyh wr wkh frpsohwh lqirupdwlrq dvvxpswlrq1 Dqrwkhu lqwhuhvwlqj wrslf

iru ixwxuh uhvhdufk zrxog eh wr lqyhvwljdwh zkhwkhu wkh phfkdqlvp lq wklv sdshu

pljkw khos uhvroylqj rwkhu sureohpv ri wlph lqfrqvlvwhqf|1

91 Dsshqgl{

Ohppd D41 )
�

Eq� 	 f iru doo q 5 Efc ��1

Surri ri Ohppd D4= Lq rughu wr suryh Ohppd D4 L zloo �uvw suryh wzr

rwkhu fodlpv1 Wkh �uvw fodlp zloo eh xvhg zkhq surylqj wkh vhfrqg fodlp/ dqg wkh

vhfrqg fodlp zloo eh xvhg zkhq surylqj wkh ohppd1 Ohw wkh ixqfwlrq V G Efc �� $ ?
eh gh�qhg e| V Eq� ' *L} E� n q�� q E� n q�3

�

2 1 L fodlp wkdw V Eq� 	 f1 Wr suryh

wklv/ �uvw qrwh wkdw *�4q<f V Eq� ' f1 Lw wkxv vx!fhv wr vkrz wkdw V
�

Eq� 	 f1

Gl�huhqwldwlqj V Eq� |lhogv
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�
2 n q

2 E� n q�

��
3� q2

e E� n q��
� +915,

Wklv h{suhvvlrq lv vwulfwo| qhjdwlyh/ zklfk suryhv wkh fodlp wkdw V Eq� 	 f1

Qrz ohw wkh ixqfwlrq 1 G Efc �� $ ? eh gh�qhg e| 1 Eq� ' E� n q�
�nq

q 1 L fodlp

wkdw 1
�

Eq� : �1 Lq rughu wr suryh wklv/ �uvw gl�huhqwldwh 1=

1
�

Eq� '
1

q2 dq � *L} E� n q�o � +916,
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Qrwh wkdw *�4q<� 1
�

Eq� ' e�*L} E�S� : �1 Lw wkxv vx!fhv wr vkrz wkdw 1
��

Eq� 	 f1

Gl�huhqwldwlqj 1 rqfh pruh |lhogv

1
��

Eq� '
q21

� � 2q1

qe dq � *L} E� n q�o n
1

q E� n q�
� +917,

Vxevwlwxwlqj wkh h{suhvvlrq iru 1
�

lq +916, lqwr +917, dqg wkhq uhzulwlqj |lhog

1
��

Eq� '
1

qe

�
*L} E� n q� n

qs
� n q

��
*L} E� n q�� qs

� n q

�
� +918,

Khqfh/ e| wkh �uvw fodlp wkdw V Eq� 	 f/ 1
��

Eq� 	 f1 Zh kdyh wkxv suryhq wkh

fodlp wkdw 1
�

Eq� : �1

Zh duh qrz uhdg| wr suryh Ohppd D41 Gl�huhqwldwlqj wkh h{suhvvlrq lq +619,

|lhogv

)
�

Eq� ' �

k
1
�

Eq�� �
l

d1 Eq�� qo2
� +919,

Wkxv/ e| wkh fodlp wkdw 1
�

Eq� : �/ )
�

Eq� 	 f1 �

Surri ri Sursrvlwlrq 4= Lq rughu wr suryh Sursrvlwlrq 4 zh pxvw lqyhv0

wljdwh wkh fdvh zkhuh kq 	 �/ vlqfh wklv zdv qrw grqh lq Vxevhfwlrq 6151 Zkhq

kq 	 �/ E *v lqgluhfw xwlolw| lv jlyhq e| hlwkhu rqh ri wkh wzr olqhv lq htxdwlrq

+617,/ dqg zklfk rqh lw lv ghshqgv rq wkh fkrlfh ri r lwvhoi1 Ohw X� eh gh�qhg e|

X� ' 4@ 
rMdfckq/�

*L} E/ � r� n q *L} E/ n r� n q *L}

�
kq

� n kq

�
� +91:,

Wkdw lv/ X� lv wkh kljkhvw xwlolw| E fdq rewdlq li kh lv frqvwudlqhg wr fkrrvh vrph

r 5 dfc kq/�1 Ghqrwh wkh vroxwlrq wr wkh pd{lpl}dwlrq sureohp lq +91:, +lw grhv

h{lvw, e| r�1 Vlqfh q 	 �/ zh kdyh r
�

' f1 Khqfh

X� ' E� n q� *L}/ n q *L}

�
kq

� n kq

�
+91;,

Vlploduo| gh�qh X2=

X2 ' 4@ 
rMdkq/c/o

*L} E/ � r� n q *L} Er� � +91<,
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Wkxv/ X2 lv wkh kljkhvw xwlolw| E fdq rewdlq li kh lv frqvwudlqhg wr fkrrvh vrph

r 5 dkq/c /o1 Ghqrwh wkh vroxwlrq wr wklv sureohp e| r21 Zh kdyh

r2 '

�
q

�nq
/ iru k � �

�nq

kq/ rwkhuzlvh1
+9143,

Wkxv

X2 '

+
E� n q� *L}

�
/

�nq

�
n q *L} Eq� iru k � �

�nq

E� n q� *L} E/� n *L} E�� kq� n q *L} Ekq� rwkhuzlvh1
+9144,

Lq rughu wr �qg rxw zkdw E *v rswlpdo fkrlfh ri r zloo eh/ zh pxvw frpsduh

wkh pdjqlwxghv ri X� dqg X21 Wkhuh duh wzr fdvhv= +d, k � E� n q�3� dqg +e,

k : E� n q�3�1 Frqvlghu fdvh +d,1 Fduu|lqj rxw vrph dojheud |lhogv

X� U X2 / k U ) Eq� � +9145,

Khqfh/ li k : ) Eq�/ wkhq rW ' f> dqg li k 	 ) Eq�/ wkhq rW ' q

�nq
/1 Li k ' ) Eq�/

wkhq wkhuh duh wzr vroxwlrqv wzr E *v rswlpl}dwlrq sureohp/ rW ' f dqg rW ' q

�nq
/1

Iurp htxdwlrq +616, rqh rewdlqv wkh uhvxow wkdw zkhq rW ' f/ |W ' kq/

�nkq
> dqg zkhq

rW ' q

�nq
// wkhq |W ' f1

Qrz frqvlghu fdvh +e,/ k : E� n q�3�1 Khuh zh jhw

X� : X2 / *L} E�� kq� n q *L} E� n kq� 	 f

/ E�� q� *L} E�� kq� n q *L}
�
�� Ekq�2

�
	 f +9146,

Lqhtxdolw| +9146, dozd|v krogv vlqfh q 	 � dqg kq 	 �1 Khqfh/ zh kdyh rW ' f

dqg |W ' kq/

�nkq
1 Wrjhwkhu zlwk wkh dqdo|vlv lq Vxevhfwlrq 615/ wklv frpsohwhv wkh

surri ri Sursrvlwlrq 41 �

Surri ri Sursrvlwlrq 5= Iluvw dvvxph wkdw k � ) Eq�1 Rqh pd| wkhq yhuli|

wkdw Erc |� '
�

q

�nq
/c f

�
lv wkh xqltxh vroxwlrq wr wkh iroorzlqj sureohp=

4@ 
E|cr�Mdfc/o2

L� Erc |� � +9147,

+Wklv lv wkh vroxwlrq dv orqj dv k � E� n q�3�/ zklfk lv lpsolhg e| k � ) Eq�1,

Wkdw lv/ wklv doorfdwlrq lv D*v �uvw0ehvw fkrlfh1 Exw iru k 	 ) Eq�/ Erc |� '
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�
q

�nq
/c f

�
lv dovr wkh rxwfrph ri wkh xqltxh vxejdph0shuihfw htxloleulxp> khqfh/

wklv rxwfrph lv Sduhwr h!flhqw1 Vlploduo|/ iru k ' ) Eq�/ Erc |� '
�

q

�nq
/c f

�
lv rqh ri wzr srvvleoh htxloleulxp rxwfrphv dqg lw lv Sduhwr h!flhqw1 Qrz dv0

vxph wkdw k � E�� q�3�1 Rqh pd| wkhq yhuli| wkdw Erc |� '
�
fc kq

�nkq
/
�
lv wkh

xqltxh vroxwlrq wr wkh sureohp lq +9147,1 Djdlq/ wklv lv dovr wkh rxwfrph ri wkh

xqltxh vxejdph shuihfw htxloleulxp/ vr wkh rxwfrph lv Sduhwr h!flhqw1 Lw uh0

pdlqv wr vkrz wkdw wkh doorfdwlrq Erc |� '
�
fc kq

�nkq
/
�
lv qrw Sduhwr h!flhqw iru

dq| k 5 �
) Eq� c E�� q�3�

�
1 Vxssrvh wkdw k 	 E�� q�3�1 Gl�huhqwldwh L� zlwk

uhvshfw wr r dqg hydoxdwh dw Erc |� '
�
fc kq

�nkq
/
�
=

YL� Erc |�
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mErc|�'Efc kq
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d�� k E�� q�o : f� +9148,

Pruhryhu/ vlqfh YL�Erc|�
Yr

' k YL�Erc|�
Yr

/ dovr D fdq eh pdgh ehwwhu r� li E vdyhg pruh

jlyhq wkh ohyho ri D*v wudqvihu1 Khqfh wkh doorfdwlrq Erc |� '
�
fc kq

�nkq
/
�
lv qrw

Sduhwr h!flhqw iru dq| k 5 �
) Eq� c E�� q�3��1 �

Surri ri Ohppd 4= Vxssrvh wkdw k : ) Equ� dqg wkdw rWu : f lq d vhsd0

udwlqj htxloleulxp1 L zloo vkrz wkdw wklv ohdgv wr d frqwudglfwlrq1 Wr vwduw zlwk/

frqvlghu wkh fdvh zkhuh rWu 5 Efc kqu/o1 Wkhq wkh orz w|sh uhfhlyhv d wudqvihu

iurp D dffruglqj wr wkh �uvw olqh lq htxdwlrq +616, exw zlwk qu vxevwlwxwhg iru q1

Wkh orz w|sh*v xwlolw| lv dffruglqjo| jlyhq e| +fi1 wkh �uvw olqh ri htxdwlrq +617,,=

T
�

' *L} E/ � rWu� n qu *L} E/ n rWu� n qu *L}

�
kqu

� n kqu

�
� +9149,

Krzhyhu/ li wkh orz w|sh lqvwhdg fkrvh r ' f/ kh zrxog uhfhlyh d wudqvihu ri dw

ohdvw kqu/

�nkqu
/ zklfk zrxog jlyh klp wkh iroorzlqj xwlolw| +fi1 djdlq wkh �uvw olqh ri

htxdwlrq +617,,=

T ' E� n qu� *L} E/� n qu *L}

�
kqu

� n kqu

�
�

T lv vwulfwo| juhdwhu wkdq T
�

iru doo rWu 5 Efc kqu/o/ vlqfh T
�

lv vwulfwo| ghfuhdvlqj

lq rWu1 Qrz frqvlghu wkh fdvh zkhuh rWu 5 Ekqu/c /o1 Wkhq wkh orz w|sh uhfhlyhv

d wudqvihu iurp D dffruglqj wr wkh vhfrqg olqh lq htxdwlrq +616, exw zlwk qu
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vxevwlwxwhg iru q1 Krzhyhu/ dv orqj dv k : ) Equ�/ wkh orz w|sh lv vwulfwo| ehwwhu

r� iurp fkrrvlqj r ' f wkdq iurp fkrrvlqj dq| rWu 5 Ekqu/c /o1 Wklv iroorzv

iurp wkh surri ri Sursrvlwlrq 41 Zh wkxv kdyh d frqwudglfwlrq/ zklfk suryhv wkh

ohppd1 �

Ohppd D51 r
�

	 kqM/1

Surri ri Ohppd D5= Lw lv reylrxv wkdw wkh ohppd lv wuxh iru kqM � �1

Vxssrvh wkdw kqM 	 �1 Wkhq r
�

	 kqM/ li dqg rqo| li wkh ohiw0kdqg vlgh ri +71;,

hydoxdwhg dw r� ' kqM/ lv vpdoohu wkdq wkh uljk0kdqg vlgh=

*L} E�� kqM� n qu *L} E� n kqM � 	 qu *L}

�
qu E� n kqM �

qM E� n kqu�

�
+914:,

ru htxlydohqwo| CEkc quc qM� 	 f/ zkhuh wkh ixqfwlrq C G ?nn � Efc qM� ��
quc

�
k

� $ ? lv gh�qhg e|

CEkc quc qM � ' *L} E�� kqM � n qu *L}

�
qM E� n kqu�

qu

�
� +914;,

Qrwh wkdw C lv vwulfwo| frqfdyh lq lwv wklug dujxphqw=

Y2CEkc quc qM �

Yq2
M

'
�k2

E�� kqM �
2 � qu

q2
M

	 f� +914<,

Dovr qrwh wkdw dv qM whqgv wr �
k
/ C Ekc quc qM � whqgv wr plqxv lq�qlw|> dqg dv qM

whqgv wr qu/ CEkc quc qM� whqgv wr vrph qxpehu wkdw lv dovr vwulfwo| qhjdwlyh=

*�4
qM<qu

C Ekc quc qM � ' *L} E�� kqu� n qu *L} E� n kqu�

' *L}
�
�� Ekqu�

2�� E�� qu� *L} E� n kqu� 	 f�

+9153,

Khqfh/ li CEkc quc qM � 	 f iru qM vdwlvi|lqj

YCEkc quc qM �

YqM

' f / qM '
qu

k E� n qu�
c +9154,

wkhq CEkc quc qM � 	 f iru doo qM 1 Pruhryhu/ C lv vwulfwo| ghfuhdvlqj lq k1 Lw wkxv

vx!fhv wr vkrz wkdw hydoxdwhg dw k ' ) Equ� dqg qM ' qu d) Equ� E� n qu�o
3�/
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CEkc quc qM� � f1 Zh kdyh=

C

�
) Equ� c quc

qu

) Equ� E� n qu�

�
' *L}

�
�� qu

E� n qu�

�
nqu *L}

3CE� n qu�

�
�nqu
qu

�
� n qu

4D ' f�

+9155,

Wklv suryhv Ohppd D51 �

Ohppd D61 r
��

	 kqM/ li dqg rqo| li hlwkhu +l, kqM � � ru +ll, kqM 	 � dqg

qu : s EqM c k�1

Surri ri Ohppd D6= Li kqM � �/ wkhq lw lv reylrxv wkdw r
��

	 kqM/1

Vxssrvh wkdw kqM 	 �1 Wkhq r
��

	 kqM/ li dqg rqo| li wkh ohiw0kdqg vlgh ri +71<,

hydoxdwhg dw r
��

' kqM/ lv vpdoohu wkdq wkh uljk0kdqg vlgh ri +71<,=

*L} E�� kqM � n qM *L} E� n kqM� 	 qM *L}

�
qu E� n kqM�

qM E� n kqu�

�
� +9156,

Uhzulwlqj +9156,/ zh jhw qu : s EqM c k�1 �

Ohppd D71 r� : qM/

�nqM
1

Surri ri Ohppd D7= Vxssrvh shu frqwud wkdw r� � qM/

�nqM
1 Wkhq wkh kljk

w|sh*v lqgl�huhqfh fxuyh wkurxjk wkh srlqw Erc |� '
�

qM/

�nqM
c f
�
pxvw eh deryh wkh

r0d{lv dw r ' qM/

�nqM
+fi1 Iljxuh 6e,1 Wkh dojheudlf h{suhvvlrq iru wklv lqgl�huhqfh

fxuyh lv

|M Er� ' i T

�
gM � *L} E/ � r�

qM

�
� rc zkhuh gM � *L} E/� n qM *L}

�
kqu/

� n kqu

�
�

+9157,

Khqfh zh pxvw kdyh

|M

�
qM/

� n qM

�
� f / qM *L}

�
qM E� n kqu�

qu

�
� qM *L} Ek�nE� n qM � *L} E� n qM � �

+9158,

Krzhyhu/ zh pxvw dovr kdyh qu � s EqM c k�/ zklfk lv htxlydohqw wr

qM *L}

�
qM E� n kqu�

qu

�
� *L}

�
�

�� kqM

�
� +9159,

6:



Khqfh/ wkh uljkw0kdqg vlgh ri +9159, pxvw qrw eh juhdwhu wkdq wkh uljkw0kdqg vlgh

ri +9158,/ ru

qM *L} Ek� n *L} E�� kqM� n E� n qM � *L} E� n qM � � f� +915:,

Wklv lqhtxdolw| lv qrw frqvlvwhqw zlwk wkh uhtxluhphqw wkdw k 	 E� n qM�
3�/ vlqfh

iru wkhvh ydoxhv ri k wkh ohiw0kdqg vlgh ri +915:, lv vwulfwo| lqfuhdvlqj lq k dqg wkh

lqhtxdolw| grhv qrw krog iru k ' E� n qM �
3�1 Wkxv zh kdyh d frqwudglfwlrq dqg

zh fdq frqfoxgh wkdw r� : qM/

�nqM
1 �

Ohppd D81 Wkhuh lv d ixqfwlrq � vxfk wkdw rr V r
�

dv k V � Equc qM �1

Pruhryhu/ � Equc qM� : ) EqM � iru doo qu 5 Efc qM �/ dqg

*�4
qu<f

� Equc qM� ' *�4
qu<qM

� Equc qM� ' ) EqM � � +915;,

Surri ri Ohppd D8= E| fduu|lqj rxw vrph vwudljkwiruzdug fdofxodwlrqv/

rqh fdq vkrz wkdw Yrr*Yk : f dqg wkdw rr ' f li k ' ) EqM �1 Dovr/ Yr
�

*Yk 	 f

dqg wkdw r
�

: f iru doo k : f1 Khqfh wkhuh lv h{dfwo| rqh ydoxh ri k iru zklfk

rr ' r
�

1 Iru vrph jlyhq qu dqg qM / ohw � Equc qM� ghqrwh wklv ydoxh ri k1 Wkh

ixqfwlrq � lv lpsolflwo| gh�qhg e|

*L}
�
�� r

/

�
n qu *L}

�
� n

r

/

�
� qu *L}

�
qu E� n �qM �

qM E� n �qu�

�
+915<,

dqg

*L}
�
�� r

/

�
n qM *L}

�
� n

r

/

�
� qM *L}

�
� n �qM

�

�
� E� n qM� *L} E� n qM� �

+9163,

Lw dovr iroorzv wkdw � Equc qM� : ) EqM� iru doo qu 5 Efc qM �1 Pruhryhu/ vlqfh r
�

whqgv wr }hur dv qu $ f dqg dv qu $ qM / zh jhw wkh htxdolwlhv lq +915;,1 �

Surri ri Sursrvlwlrq 7= L vwduw zlwk surylqj wkh fodlp derxw h{lvwhqfh1

Ohw D*v eholhiv eh jlyhq e| h> Er� ' > iru r ' rW dqg h> Er� ' f iru doo r 9' rW1

Wkhvh eholhiv duh fohduo| wkh �vwurqjhvw� srvvleoh lq wkdw wkh| zloo jhqhudwh doo wkh

htxloleulxp rxwfrphv wkdw pd| h{lvw1 Iru wkh orz w|sh qrw wr kdyh dq lqfhqwlyh

wr ghyldwh iurp r ' rW/ zh pxvw kdyh

L�

�
fc

kqu/

� n kqu

m qu

�
� L�

�
rWc

k. Eq�/ � rW

� n k. Eq�
m qu

�
� +9164,

6;



Wklv qhfhvvdu| frqglwlrq krogv iru doo rW 5 dfc ero/ zkhuh er : f lv gh�qhg e| lghqwlw|

+7146,1 Wklv lghqwlw| lv rewdlqhg e| ohwwlqj lqhtxdolw| +9164, krog zlwk htxdolw|/

vhwwlqj rW ' er/ dqg xvlqj wkh h{solflw ixqfwlrqdo irup jlyhq lq htxdwlrq +715,1

Jlyhq wkh vwdwhg eholhiv/ wkh prvw sur�wdeoh ghyldwlrq iru wkh kljk w|sh lv

wr ghyldwh wr rRoJs �|/ zkhuh rRoJs�| pd{lpl}hv M Er� zlwk uhvshfw wr r/ vxemhfw wr

r 5 dfc /o dqg zkhuh

MEr� � *L} E/ � r� n

+
qM *L} E/ n r� n qM *L}

�
kqu

�nkqu

�
iru r � kqu/

qM *L} Er� rwkhuzlvh1
+9165,

+Khuh L lpsolflwo| dvvxphg wkdw h> Er� ' f dovr iru r ' rW1 Wklv lv qrw d sureohp/

krzhyhu/ vlqfh li rRoJs �| ' rW/ wkhq wkh kljk w|sh zloo gh�qlwo| qrw kdyh dq lqfhqwlyh

wr ghyldwh1, Rqh fdq yhuli| wkdw li

qM *L}

�
kqu

� n kqu

�
� qM *L}

�
qM

� n qM

�
� *L} E� n qM� c +9166,

wkhq rRoJs �| ' f> rwkhuzlvh rRoJs �| ' qM/

�nqM
1 Lq d srrolqj htxloleulxp/ wkh kljk

w|sh*v sd|r� lv

L�

�
rWc

k. Eq�/ � rW

� n k. Eq�
m qM

�
' *L} E/ � rW� n qM *L} E/ n rW� n qM *L}

�
k. Eq�

� n k. Eq�

�
�

+9167,

Wklv sd|r� rewdlqv lwv kljkhvw ydoxh iru rW ' f1 Khqfh/ srrolqj htloleuld h{lvw

li dqg rqo| li dq htxloleulxp zlwk rW ' f h{lvwv1 Li rRoJs�| ' f/ wkhq fohduo| wkh

kljk w|sh grhv qrw kdyh dq lqfhqwlyh wr ghyldwh iurp rW ' f1 Wkxv/ d vx!flhqw

frqglwlrq iru h{lvwhqfh ri srrolqj htxloleuld lv wkdw +9166, lv phw1 Lq fdvh wkdw

rRoJs�| ' qM/

�nqM
/ wkhq wkh kljk w|sh grhv qrw kdyh dq lqfhqwlyh wr ghyldwh iurp li

dqg rqo| li

qM *L}

�
qM

� n qM

�
� *L} E� n qM � � qM *L}

�
k. Eq�

� n k. Eq�

�
� +9168,

Khqfh/ srrolqj htxloleuld h{lvw li dqg rqo| li hlwkhu +l, +9166, lv phw ru +ll, +9166,

lv qrw phw exw +9168, lv1 Krzhyhu/ +frqglwlrq +9168, qrw phw, lpsolhv +frqglwlrq

+9166, qrw phw,1 Pruhryhu/ li frqglwlrq +9168, lv phw/ wkhq hlwkhu +l, ru +ll, lv phw1

Wkxv/ srrolqj htxloleuld h{lvw li dqg rqo| li frqglwlrq +9168, lv phw1 Wklv frqglwlrq

fdq eh uhzulwwhq dv k � qM) EqM � *. Eq�/ zklfk suryhv wkh h{lvwhqfh fodlp1
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Ohw xv qrz wxuq wr wkh fkdudfwhul}dwlrq fodlp1 Lw iroorzv iurp d jhrphwulf

dujxphqw +vhh Iljxuh 8, wkdw li rRoJs �| ' f/ wkhq wkh kljk w|sh grhv qrw kdyh dq

lqfhqwlyh wr ghyldwh iurp dq| rW 5 dfc ero1 Li rRoJs �| ' qM/

�nqM
/ wkhq wkh kljk w|sh grhv

qrw kdyh dq lqfhqwlyh wr ghyldwh li dqg rqo| li rW 5 �
fc rr

�
1 Wr yhuli| wkh odwwhu

fodlp/ qrwlfh wkdw

L�

�
rc
k. Eq�/ � r

� n k. Eq�
m qM

�
� L�

�
qM/

� n qM

c f m qM

�
+9169,

krogv li dqg rqo| li r � rr1 �
Ehiruh surylqj Sursrvlwlrq 8/ L zloo �uvw vwdwh dqg suryh irxu ohppdv1

Ohppd D91 Vxssrvh wkdw k � E� n qM �
3� dqg qu : s EqM c k�1 Wkhq r

��

	 hrUU 1
Surri ri Ohppd D9= Iurp Ohppd D6 lq wklv Dsshqgl{ zh nqrz wkdw li

k � E� n qM �
3� dqg qu : s EqM c k�/ wkhq r

��

	 kqM/1 Lw wkxv vx!fhv wr vkrz

wkdw li k � E� n qM�
3�/ wkhq hrUU � kqM/1 Exw wklv iroorzv lpphgldwho| vlqfh/ e|

gh�qlwlrq/ hrUU ' qM/ E� n qM�
3�1 �

Ohppd D:1 Vxssrvh wkdw k : E� n qM�
3�1 Wkhq hrU 	 kqM/1

Surri ri Ohppd D:= hrU � kqM/ lv htxlydohqw wr

�� k � k2qM E� n qM � � +916:,

Qrwh wkdw k : E� n qM �
3� lv htxlydohqw wr qM : �

k
� � dqg wkdw wkh uljkw0kdqg

vlgh ri +916:, lv vwulfwo| lqfuhdvlqj lq qM 1 Dovr/ hydoxdwhg dw qM ' �
k
��/ frqglwlrq

+916:, krogv zlwk htxdolw|> khqfh lw krogv iru doo qM vdwlvi|lqj k : E� n qM �
3�1 �

Ohppd D;1 Vxssrvh wkdw k � E�� qM �
3�1 Wkhq wkhuh h{lvwv d ixqfwlrqhk E�c qM � G Efc qM� $ ? gh�qhg e| +7157,1 Ixuwkhupruh/ zh kdyh hrU � r

�

li dqg rqo| li k � hk Equc qM �1

Surri ri Ohppd D;= E| xvlqj wkh gh�qlwlrq ri r�/ rqh fdq vkrz wkdwhrU � r
�

lv htxlydohqw wr

*L}

�
� n k E� n qM �

2k

�
n qu *L}

�
qu d� n k E� n qM �o

2qM E� n kqu�

�
� f� +916;,

73



Fohduo|/ lqhtxdolw| +916;, krogv li k lv vx!flhqwo| forvh wr }hur1 Lw wkxv vx!fhv wr

vkrz wkdw +l, wkh ohiw0kdqg vlgh ri lqhtxdolw| +916;, lv vwulfwo| ghfuhdvlqj lq k iru doo

k 5 �
fc E�� qM�

3�� dqg wkdw +ll, wkh lqhtxdolw| grhv qrw krog iru k ' E�� qM �
3�1

Wr hvwdeolvk +l,/ gl�huhqwldwh wkh ohiw0kdqg vlgh ri lqhtxdolw| +916;, zlwk uhvshfw

wr k> wkh uhvxowlqj h{suhvvlrq kdv wkh vdph vljq dv Ekqu EqM � qu�� ��158 Wklv

h{suhvvlrq lv vwulfwo| qhjdwlyh iru doo k � E�� qM�
3� li�

qu EqM � qu�

�� qM

� �

�
	 f / �� qM E�� qu� n q2

u : f� +916<,

Wkh odvw lqhtxdolw| lv fohduo| wuxh iru doo qM 5 Equc ��1 Wr hvwdeolvk +ll,/ vxevwlwxwh

k ' E�� qM �
3� lqwr wkh ohiw0kdqg vlgh ri lqhtxdolw| +916;,1 Wklv |lhogv

qu *L}

�
qu E�� qM �

qM E�� qM n qu�

�
� fc +9173,

ru Equ � qM � E�� qM � � quqM / zklfk fohduo| grhv qrw krog1 �

Ohppd D<1 Vxssrvh wkdw k 5
�

�
�nqM

c �
qM

�
1 Wkhq s EqM c k� 	 } EqM c k�1

Surri ri Ohppd D<= Vrph vwudljkwiruzdug dojheud vkrzv wkdw s EqM c k� 	

} EqM c k� lv htxlydohqw wr # EqM c k� 	 �/ zkhuh

# EqM c k� '
� n k E� n qM�

2

�
d� n k E� n qM�o E�� kqM�

2k

� �

qM

�

Hydoxdwlqj # dw k ' E� n qM �
3� |lhogv #

�
qM c E� n qM �

3�� ' �1 Lw wkxv vx!fhv wr

vkrz wkdw # lv vwulfwo| ghfuhdvlqj lq k iru k : E� n qM �
3� ru/ htxlydohqwo|/ wkdw

*L} E#� lv vwulfwo| ghfuhdvlqj lq k iru k : E� n qM�
3�1 Zh kdyh

Y *L} d# EqM c k�o

Yk
'

kqM E� n qM� d�� k E� n qM �o� �

kqM E�� kqM � d� n k E� n qM �o
c

zklfk lv vwulfwo| qhjdwlyh zkhq k : E� n qM�
3�1 �

58Vhh htxdwlrq +9193,1
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Surri ri Sursrvlwlrq 8= Wr suryh wkh �uvw sduw ri wkh sursrvlwlrq zh pxvw

vkrz wkdw li k � E� n qM�
3�/ wkhq

�
rWuc |

W

uc hrUU ch|UU� fdq eh vxvwdlqhg dv sduw ri d

vhsdudwlqj htxloleulxp l� qu � s EqM c k�1 D vhsdudwlqj htxloleulxp pxvw ehorqj

wr rqh ri wkh irxu fdwhjrulhv +614,0+617, olvwhg lq Sursrvwlrq 61 Li k � E� n qM�
3�

dqg qu � s EqM c k�/ wkhq wkh uhohydqw fdwhjru| lv hlwkhu +616, ru +617,1 Lq hlwkhu

fdvh/ hrUU ' qM/

�nqM
ehorqjv wr wkh vhw lreR ri vdylqj ohyhov wkdw fdq eh vxvwdlqhg dv

sduw ri d vhsdudwlqj htxloleulxp1 Wklv vkrzv wkdw wkh frqglwlrq qu � s EqM c k�

lv vx!flhqw1 Wr vhh wkdw wklv frqglwlrq dovr lv qhfhvvdu|/ vxssrvh wkdw lw grhv

qrw krog/ l1h1/ qu : s EqM c k� +exw zh vwloo kdyh k � E� n qM �
3�,1 Wkhq wkh

rqo| srvvleoh fdwhjru| lv fdwhjru| +614,/ zkhuh lreR '
�
r
�

c r
��
�
1 Exw iurp Ohppd

D9 lw iroorzv wkdw xqghu wkh vwdwhg frqglwlrqv/ hrUU : r
��

> khqfh/ zh fdqqrw kdyhhrUU 5 lreR1

Wr suryh wkh vhfrqg sduw ri wkh sursrvlwlrq zh pxvw vkrz wkdw li k : E� n qM �
3�/

wkhq
�
rWuc |

W

uc hrU ch|U� fdq eh vxvwdlqhg dv sduw ri d vhsdudwlqj htxloleulxp l� qu �
} EqM c k� dqg k � hk Equc qM�1 Wr vwduw zlwk/ vxssrvh wkdw k 5 �

E� n qM�
3� c q3�

M

�
1

Iurp Ohppd D:0D;/ wkh idfw wkdw hrU � r
��/qu � } EqM c k�/ dqg Sursrvlwlrq 6

lw iroorzv wkdw wkhq
�
rWuc |

W

uc hrU ch|U� fdq eh vxvwdlqhg dv sduw ri d vhsdudwlqj htxl0

oleulxp l� rqh ri wkh iroorzlqj wr +pxwxdoo| h{foxvlyh, vhwv ri lqhtxdolwlhv krogv=59

qu : s EqM c k� dqg qu � } EqM c k� dqg k � hk Equc qM�> ru qu � s EqM c k� dqg

k � hk Equc qM �1 Exw iurp Ohppd D< zh nqrz wkdw lq wkh vxevhw ri wkh sd0

udphwhu vsdfh xqghu frqvlghudwlrq/ s EqM c k� 	 } EqM c k�1 Wklv lpsolhv wkdw wkh

odwwhu vhw ri lqhtxdolwlhv lv htxlydohqw wr= qu � s EqM c k� dqg qu � } EqM c k�

dqg k � hk Equc qM�1 Lw lv qrz fohdu wkdw rqh ri wkh vhw ri lqhtxdolwlhv zloo krog

wuxh l�= qu � } EqM c k� dqg k � hk Equc qM �1 Lw uhpdlqv wr frqvlghu wkh fdvh

k 5 �
q3�
M c E�� qM�

3��1 Rqh fdq vhh wkdw qrz wkh rqo| uhohydqw fdwhjru| lq Sursr0

vlwlrq 6 lv +614,1 Iurp Ohppd D;/ wkh idfw wkdw hrU � r
��/qu � } EqM c k�/ dqg

Sursrvlwlrq 6 lw iroorzv wkdw
�
rWuc |

W

uc hrU ch|U� fdq eh vxvwdlqhg dv sduw ri d vhsdudwlqj

htxloleulxp l�= qu � } EqM c k� dqg k � hk Equc qM �1 �

Ohppd D431 s3� Equ� lv zhoo0gh�qhg dqg Ys3�Equ�
Yqu

	 f1 Pruhryhu/

*�4
qu<f

s3� Equ� ' q3�
M / *�4

qu<qM

s3� Equ� ' f dqg s3� EqM E� n qM�) EqM �� ' E� n qM�
3� �

+9174,

59Wkh �uvw vhw ri lqhtxdolwlhv uhihu wr +614, lq Sursrvlwlrq 6 dqg wkh vhfrqg wr +615,1
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Surri ri Ohppd D43= Wkh ixqfwlrq s3� Equ� lv zhoo0gh�qhg li s lv vwulfwo|

ghfuhdvlqj lq k/ zklfk lw wxuqv rxw wr eh1 Wr vhh wklv/ gl�huhqwldwh wkh ghqrplqdwru

ri s +vhh htxdwlrq +7143,, zlwk uhvshfw wr k=

Y
k

�
qM

E�� kqM�
3

�

qM � k
l

Yk
'

�

qM

E�� kqM�
3

�nqM
qM � �� +9175,

Wklv h{suhvvlrq lv vwulfwo| juhdwhu wkdq }hur vlqfh lw lv lqfuhdvlqj lq k dqg lw lv

vwulfwo| juhdwhu wkdq }hur iru k ' f1 Khqfh/ Ys EqM ck�
Yk

	 f1 Wr ghprqvwudwh wkh

fodlpv lq +9174,/ lw vx!fhv wr vkrz wkdw *�4k<q3�

M
s EqM c k� ' f/ *�4k<f s EqM c k� '

qM / dqg s
�
E� n qM �

3�� ' qM E� n qM�) EqM �1 Krzhyhu/ lw fdq eh hdvlo| yhul�hg

wkdw wkhvh wkuhh htxdolwlhv krog wuxh e| xvlqj wkh gh�qlwlrq ri s lq +7143,1

Ohppd D441 hk Equc qM � : � dqg

*�4
qu<f

hk Equc qM� ' *�4
qu<qM

hk Equc qM � ' E�� qM �
3� � +9176,

Pruhryhu/ iru qu vx!flhqwo| forvh wr qM / hk Equc qM� 	 E�� qu�
3�1

Surri ri Ohppd D44= Lw lv �uvw vkrzq wkdw hk Equc qM� : �1 Vxevwlwxwh

k ' � lqwr wkh ohiw0kdqg vlgh ri lqhtxdolw| +916;,1 Wklv |lhogv

*L}

�
2 n qM

2

�
n qu *L}

�
qu E2 n qM�

2qM E� n qu�

�
� 5 Equc qM� � +9177,

Iurp Ohppd D; lw iroorzv wkdw hk Equc qM � : � li 5 Equc qM � � f1 Lq rughu wr

vkrz wkdw wkh odwwhu lqhtxdolw| lqghhg krogv wuxh/ vxssrvh shu frqwud wkdw/ iru

vrph Equc qM �/ 5 Equc qM � 	 f1 Li 5 Equc qM � 	 f iru vrph Equc qM�/ wkhq wklv

lqhtxdolw| pxvw krog iru vrph qu dw rqh ri wkh fruqhuv zlwk uhvshfw wr qM ri wkh

ixqfwlrq 5 ru dw d ydoxh ri qM zkhuh wkh sduwldo ghulydwlyh ri 5 zlwk uhvshfw wr

qM lv }hur1 Wkdw lv/ dw ohdvw rqh ri wkh iroorzlqj wkuhh lqhtxdolwlhv pxvw krog iru

vrph qu 5 Efc ��=

5 Equc qu� ' *L}

�
2 n qu

2

�
n qu *L}

�
2 n qu

2 E� n qu�

�
� 5 Equ� 	 fc +9178,

5 Equc �� ' *L}

�
�

2

�
n qu *L}

�
�qu

2 E� n qu�

�
� 5 Equ� 	 fc +9179,
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5
�
quc

eqM

�
' *L}

�
2 n qM

2

�
n qu *L}

�
qu E2 n qM�

2qM E� n qu�

�
	 fc +917:,

zkhuh eqM lv lpsolflwo| gh�qhg e| Y5
�
quc

eqM

�
*YqM ' f1 L zloo vkrz wkdw qrqh ri

wkhvh wkuhh lqhtxdolwlhv krog1 Wr vwduw zlwk/ frqvlghu wkh �uvw lqhtxdolw|/ 5 Equ� 	

f1 Rqh fdq hdvlo| yhuli| wkdw 5
�

Ef� ' �
2
: f/ 5

�

E�� ' �
S
n *L}

�
�
e

�
	 f/ dqg

5
��

Equ� 	 f1 Pruhryhu/ 5 Ef� ' f dqg 5 E�� ' *L}
�
b
H

�
: f1 Khqfh/ 5 Equ� : f iru

doo qu 5 Efc ��1

Qh{w/ frqvlghu wkh vhfrqg lqhtxdolw|/ 5 Equ� 	 f1 Rqh fdq hdvlo| yhuli| wkdw

5
�

Ef� ' �4/ 5
�

E�� ' �
2
n *L}

�
�
e

�
: f/ dqg 5

��

Equ� : f1 Khqfh/ li 5 Equ� 	 f

iru vrph qu 5 Efc ��/ wkhq/ lq sduwlfxodu/ lw pxvw eh wkdw 5
�
q

�

�
	 f zkhuh q

�

lv

lpsolflwo| gh�qhg e|

5
�

�
q

�

�
' f / *L}

%
�q

�

2
�
� n q

�
�&n

�

� n q
�
' f� +917;,

Xvlqj +917;,/ 5
�
q

�

�
fdq eh uhzulwwhq dv iroorzv=

5
�
q

�

�
' 5

�
q

�

�
�
�
� n q

�

�
*L}

%
�q

�

2
�
� n q

�
�&� �

' *L}

�
�

2

�
n q

�

*L}

%
�q

�

2
�
� n q

�
�&�

�
� n q

�

�
*L}

%
�q

�

2
�
� n q

�
�&� �

' *L}

57
�
� n q

�

�
q

�

68� ��

Khqfh/ 5
�
q

�

�
	 f lv htxlydohqw wr=

q
�

: Ee� ��3� � +917<,

Krzhyhu/ e| +917<,/ wkh frqyh{lw| ri 5/ dqg wkh gh�qlwlrq ri q
�

/ zh pxvw kdyh

5
�
�
Ee� ��3�� ' *L}

�
�
2

�� �
e
	 f/ zklfk lv qrw wuxh1 Khqfh/ zh pxvw kdyh 5 Equ� � f

iru doo qu 5 Efc ��1

Ilqdoo| frqvlghu wkh lqhtxdolw| 5
�
quc

eqM

�
	 f1 Lw lv uhdglo| yhul�hg wkdweqM ' 2qu1 Khqfh

5
�
quc

eqM

�
' 5 Equc 2qu� ' *L} E� n qu�� qu *L} E2� � +9183,
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Wklv h{suhvvlrq lv vwulfwo| frqyh{ dqg kdv d joredo plqlpxp dw qu ' d�� *L} E2�o * *L} E2�1

Exw

*L}

�
� n

�� *L} E2�

*L} E2�

�
�
�
�� *L} E2�

*L} E2�

�
*L} E2� ' � *L} E*L} E2��� � n *L} E2� : f�

+9184,

Khqfh/ zh pxvw kdyh 5
�
quc

eqM

�
: f iru doo qu 5 Efc ��1

Ohw xv qrz vkrz wkdw *�4qu<qM
hk Equc qM � ' E�� qM�

3�1 Zh nqrz iurp

Ohppd D; wkdw hk Equc qM� � E�� qM �
3� iru doo qu 5 Efc qM �> khqfh/ *�4qu<qM

hk Equc qM �

pxvw eh �qlwh1 Ohw xv xvh wkh qrwdwlrq *�4qu<qM
hk Equc qM� ' ek1 Iluvw wdnh wkh

ohiw0kdqg olplw ri erwk vlghv ri wkh lghqwlw| +7157,=

*�4
qu<qM

�
*L}

�
� n k E� n qM�

2k

��
n *�4

qu<qM

�
qu *L}

�
qu d� n k E� n qM �o

2qM E� n kqu�

��
� fc

+9185,

ru

*L}

�
� n ek E� n qM �

2ek
�
n qM *L}

�
� n ek E� n qM �

2 E� n ekqM �

�
' f� +9186,

Lw lv hdvlo| yhul�hg wkdw htxdolw| +9186, lv phw iru ek ' E�� qM�
3�1 Pruhryhu/

wkh htxdolw| fdqqrw eh phw iru dq| rwkhu ydoxh ri ek/ vlqfh wkh ohiw0kdqg vlgh ri

htxdolw| +9186, lv vwulfwo| ghfuhdvlqj lq ek +wklv lv ohiw wr wkh uhdghu wr yhuli|,1

Ohw xv qrz vkrz wkdw *�4qu<f hk Equc qM � ' E�� qM �
3�1 Iluvw wdnh wkh olplw

ri erwk vlghv ri wkh lghqwlw| +7157,=

*�4
qu<f

�
*L}

�
� n k E� n qM�

2k

��
n *�4

qu<f

�
qu *L}

�
qu d� n k E� n qM �o

2qM E� n kqu�

��
� fc

+9187,

ru

*L}

�
� n E� n qM � *�4qu<f hk Equc qM �

2 *�4qu<f hk Equc qM�

�
n

�
*�4
qu<f

qu

�
*L}

�
*�4qu<f qu

2qM

�
n

�
*�4
qu<f

qu

�
*L}

%
� n E� n qM�

�
*�4qu<f hk Equc qM �

�
� n

�
*�4qu<f qu

� �
*�4qu<f hk Equc qM �

�&
' f� +9188,

ru/ vlqfh *�4qu<f hk Equc qM � lv �qlwh/

*L}

�
� n E� n qM� *�4qu<f hk Equc qM�

2 *�4qu<f hk Equc qM �

�
' f +9189,
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ru *�4qu<f hk Equc qM � ' E�� qM �
3�1

Ohw xv �qdoo| vkrz wkdw iru qu vx!flhqwo| forvh wr qM / hk Equc qM � 	 E�� qu�
3�1

Vlqfh *�4qu<qM
hk Equc qM� ' E�� qM �

3�/ lw vx!fhv wr vkrz wkdw

*�4
qu<qM

Yhk Equc qM �

Yqu

	 *�4
qu<qM

Y E�� qu�
3�

Yqu

' E�� qM�
32 � +918:,

Ohw xv �uvw fdofxodwh wkh ghulydwlyh rq wkh ohiw0kdqg vlgh ri +918:,=

Yhk Equc qM �

Yqu

' �Y duM7 ES��H�o *Yqu

Y duM7 ES��H�o *Yk
� +918;,

Vwudljkwiruzdug fdofxodwlrqv vkrzv wkdw

Y duM7 ES��H�o

Yqu

' *L}

�
qu d� n k E� n qM �o

2qM E� n kqu�

�
n � +918<,

dqg
Y duM7 ES��H�o

Yk
' � �� kqu EqM � qu�

k E� n kqu� d� n k E� n qM�o
� +9193,

Wdnlqj wkh olplwv ri +918<, dqg +9193, |lhogv=

*�4
qu<qM

Y duM7 ES��H�o

Yqu

' *L}

�
E2� qM � E� n qM�

2

�
n � +9194,

*�4
qu<qM

Y duM7 ES��H�o

Yk
'

2

E�� qM �
2 � +9195,

Khqfh/

*�4
qu<qM

Yhk Equc qM�

Yqu

'
2 *L}

k
E23qM�E�nqM�

2

l
n 2

E�� qM�
2 � +9196,

Wklv phdqv wkdw

*�4
qu<qM

Yhk Equc qM �

Yqu

	 E�� qM�
32 / 2 *L}

�
E2� qM� E� n qM �

2

�
	 �c +9197,

zklfk dozd|v krogv vlqfh wkh ohiw0kdqg vlgh ri +9197, rewdlqv lwv pd{lpxp dw

qM ' �
2
dqg wkh lqhtxdolw| grhv qrw krog iru wklv ydoxh ri qM 1 �

Ohppd D451 }3� Equ� lv zhoo0gh�qhg dqg Y}3�Equ�
Yqu

: f1 Pruhryhu/

*�4
qu<f

}3� Equ� ' f/ *�4
qu<qM

}3� Equ� ' E�� qM�
3� +9198,

dqg

}3� EqM E� n qM�) EqM �� ' E� n qM�
3� � +9199,
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Surri ri Ohppd D45= Wkh ixqfwlrq }3� Equ� lv zhoo0gh�qhg li } lv vwulfwo|

lqfuhdvlqj lq k/ zklfk lw wxuqv rxw wr eh1 Wr vhh wklv/ gl�huhqwldwh wkh ghqrplqdwru

ri } +vhh htxdwlrq +7156,, zlwk uhvshfw wr k=

Y

�
�nkE�nqM�

2qM

�
�nkE�nqM�

2k

� �

qM � k

�
Yk

' � �

2kq2
M

� �
k
n � n qM

2

� �

qM

d�� kqM E� n qM �o� � � h} EqM c k� � +919:,

Wkh h{suhvvlrq rq wkh uljkw0kdqg vlgh ri htxdwlrq +919:,/ h} EqM c k�/ lv fohduo|

lqfuhdvlqj lq k1 Pruhryhu/ hydoxdwhg dw k ' E�� qM�
3�/ h} EqM c k� lv vwulfwo|

qhjdwlyh=

h} �qM c E�� qM �
3�� ' �E�� qM �

2q2
M

�
�� qM � qM E� n qM �

�� qM

�
�� 	 f / qM E2 n qM � 	 ��

+919;,

+Wkh odvw lqhtxdolw| krogv iru doo qM 5 Efc �� vlqfh qM E2 n qM � lv vwulfwo| frqfdyh

dqg uhdfkhv lwv pd{lpxp dw qM ' �1, Khqfh/ zh pxvw kdyh h} EqM c k� 	 f iru

doo k 	 E�� qM �
3�1 Lw iroorzv wkdw } lv vwulfwo| lqfuhdvlqj lq k iru doo k 	

E�� qM �
3�1 Wr ghprqvwudwh wkh fodlpv lq +9198, dqg +9199,/ lw vx!fhv wr vkrz

wkdw *�4k<f } EqM c k� ' f/ *�4k<E�3qM�3� } EqM c k� ' qM / dqg }
�
E� n qM �

3�� '

qM E� n qM�) EqM �1 Krzhyhu/ lw fdq eh hdvlo| yhul�hg wkdw wkhvh wkuhh htxdolwlhv

krog wuxh e| xvlqj wkh gh�qlwlrq ri } lq +7156,1

Surri ri Sursrvlwlrq 9= Lw uhpdlqv wr vkrz wkdw wkh lqwxlwlyh fulwhulrq

uxohv rxw doo srrolqj htxloleuld1 Frqvlghu d srrolqj htxloleulxp zkhuh rW 5 lRJJ, '�
fc4�?

�erc rrr
��
1 Uhihu wr Iljxuh 8 dqg lpdjlqh dq lqgl�huhqfh fxuyh iru wkh orz

w|sh wkdw furvvhv wkh lqwhuphgldwh vwudljkw olqh dw r ' rW> ghqrwh wklv lqgl�huhqfh

fxuyh e| UWu1 E| Ohppd D5/ UWu furvvhv wkh xsshu vwudljkw olqh dw vrph r � + 	

kqM/1 Qrz lpdjlqh dq lqgl�huhqfh fxuyh iru wkh kljk w|sh wkdw dovr furvvhv wkh

lqwhuphgldwh vwudljkw olqh dw r ' rW> ghqrwh wklv e| UWM 1 E| wkh uhvxowv lq qrwh

43 +lq sduwlfxodu wkh vlqjoh0furvvlqj surshuw|,/ UWM olhv ehorz UWu iru doo r : rW1

Pruhryhu/ UWM furvvhv wkh xsshu vwudljkw olqh dw vrph r � +
�

	 kqM/> e| wkh

vlqjoh0furvvlqj surshuw|/ +
�

: +1 Fohduo|/ iru dq| eholhiv >
�
+

��
�
/ wkh orz w|sh

suhihuv klv htxloleulxp sd|r� wr wkh sd|r� kh zrxog jhw li ghyldwlqj wr vrph

7:



r ' +
�� 5 �

+c +
�
�
1 Wkh kljk w|sh/ rq wkh rwkhu kdqg/ zrxog kdyh dq lqfhqwlyh wr

ghyldwh wr +
��

li kh wkhuhe| zhuh shufhlyhg dv wkh kljk w|sh1 Khqfh/ rW fdq eh sduw

ri dq lqwxlwlyh htxloleulxp rqo| li lw fdq eh vxssruwhg e| eholhiv dvvljqlqj }hur

suredelolw| wr wkh orz w|sh sodlqj r ' +
��

/ wkdw lv/ >
�
+

��
�
' �1 Krzhyhu/ iru wkhvh

eholhiv/ wkh kljk w|sh zloo qrw kdyh dq lqfhqwlyh wr sod| r ' rW1 �

:1 Uhihuhqfhv

Ehfnhu/ J1 V1/ +4<:7,/ D wkhru| ri vrfldo lqwhudfwlrqv/ Mrxuqdo ri Srolwlfdo Hfrq0

rp| ;5/ 4396043<61

Ehfnhu/ J1 V1/ dqg N1P1 Pxusk|/ +4<;;,/ Wkh idplo| dqg wkh vwdwh/ Mrxuqdo ri

Odz dqg Hfrqrplfv 64/ 404;1

Ehujvwurp/ W1F1/ +4<;<,/ D iuhvk orrn dw wkh Urwwhq Nlg Wkhruhp�dqg rwkhu

krxvhkrog p|vwhulhv1/ Mrxuqdo ri Srolwlfdo Hfrqrp| <:/ 446;0448<1

Ehuqkhlp/ E1 G1/ dqg R1 Vwdun/ +4<;;,/ Dowuxlvp zlwklq wkh idplo| uhfrqvlghuhg=

Gr qlfh jx|v �qlvk odvwB/ Dphulfdq Hfrqrplf Uhylhz :;/ 4367043781

Euxfh/ Q1/ dqg P1 Zdogpdq +4<<3,/ Wkh Urwwhq0Nlg Wkhruhp phhwv wkh Vdpdu0

lwdq*v glohppd/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 438/ 48804981

Euxfh/ Q1/ dqg P1 Zdogpdq +4<<4,/ Wudqvihuv lq nlqg= Zk| wkh| fdq eh h!flhqw

dqg qrqsdwhuqdolvwlf/ Dphulfdq Hfrqrplf Uhylhz ;4/ 4678046841

Exfkdqdq/ M1 P1 +4<:8,/ Wkh Vdpdulwdq*v glohppd/ lq Dowuxlvp/ prudolw| dqg hfr0

qrplf wkhru|/ lq H1 V1 Skhosv hg1 +Qhz \run= Uxvvho Vdjh Irxqgdwlrq,/ ss1 :40;81

Fkdnudeduwl/ V1/ Z1 Orug/ dqg S1 Udqjd}dv +4<<6,/ Xqfhuwdlq Dowuxlvp dqg Lq0

yhvwphqw lq Fkloguhq/ Dphulfdq Hfrqrplf Uhylhz ;6/ <<7043351

Fkr/ L10N1 dqg G1 Nuhsv +4<;:,/ Vljqdolqj jdphv dqg vwdeoh htxloleuld/ Txduwhuo|

7;



Mrxuqdo ri Hfrqrplfv 435/ 4:<05541

Frdwh/ V1 +4<<8,/ Dowuxlvp/ wkh Vdpdulwdq*v glohppd/ dqg jryhuqphqw wudqvihu

srolf|/ Dphulfdq Hfrqrplf Uhylhz ;8/ 7908:1

Kdqvvrq/ E1/ dqg F1 Vwxduw +4<<4,/ Vrfldo Vhfxulw| dv Wudgh Dprqj Olylqj Jhq0

hudwlrqv/ Dphulfdq Hfrqrplf Uhylhz :</ 44;5044<81

Kropvwuùp/ E1 dqg U1 E1 P|huvrq +4<;6,/ H!flhqw dqg gxudeoh ghflvlrq uxohv

zlwk lqfrpsohwh lqirupdwlrq/ Hfrqrphwulfd 84/ 4:<<04;4<1

Ndxipdq/ G1 D1/ +4<<8,/ Frqvxpswlrq H{whuqdolwlhv/ Suhihuhqfh Fkdqjhv dqg wkh

cVdpdulwdq*v Glohppd*/ Dqqdov ri Sxeolf dqg Frrshudwlyh Hfrqrplfv 99/ 43404581

Nrwolnr�/ O1 M1 +4<;:,/ Mxvwli|lqj sxeolf surylvlrq ri vrfldo vhfxulw|/ Mrxuqdo ri

Srolf| Dqdo|vlv dqg Pdqdjhphqw 9/ 9:709;<1

Nuhsv/ G1P1 dqg M1 Vreho +4<<7,/ Vljqdoolqj/ lq �Kdqgerrn ri Jdph Wkhru|/

Yroxph 5�/ U1M1 Dxpdqq dqg V1 Kduw/ hgv1 +Dpvwhugdp= Qruwk0Kroodqg,/ ss1

;7<0;9:1

Olqgehfn/ D1/ dqg M1 Z1 Zhlexoo +4<;;,/ Dowuxlvp dqg wlph lqfrqvlvwhqf|= Wkh

hfrqrplfv ri idlw dffrpsol/ Mrxuqdo ri Srolwlfdo Hfrqrp| <9/ 4498044;51

Orug/ Z1/ dqg S1 Udqjd}dv/ +4<<8,/ Xqfhuwdlqw|/ Dowuxlvp/ dqg Vdylqjv= Suh0

fdxwlrqdu| Vdylqjv Phhwv wkh Vdpdulwdq*v Glohppd/ Sxeolf Ilqdqfh 2 Ilqdqfhv
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Figure 1 An example.
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Figure 2. The Benchmark.
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Figure 3a. Separating equilibria.
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Figure 3b. Separating equilibria.
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Figure 4 Existence of separating
equilibria
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Figure 5. Pooling equilibria.
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Figure 6. Efficiency.
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Figure 7.  Efficiency with an
equilibrium refinement.
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